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ON MCEGLIN’S PARAMETRIZATION OF ARTHUR PACKETS FOR P-ADIC 

QUASISPLIT Sp(N) AND SO(N) 

BIN XU 


Abstract. We give a survey on Moeglin’s construction of representations in the Arthur packets for p-adic 
quasisplit symplectic and orthogonal groups. The emphasis is on comparing Moeglin’s parametrization of 
elements in the Arthur packets with that of Arthur. 


1. Introduction 

Let F be a number field and G be a quasisplit connected reductive group over F. The local com¬ 
ponents of the automorphic representations of G belong to a very special class of irreducible smooth 
representations, which is usually referred to as the “Arthur class”. In the archimedean case, there is a 
geometric theory of irreducible smooth representations (see jABV92| ). which suggests a possible way to 
characterize the Arthur class. In the p-adic case, the general characterization of the Arthur class remains 
a mystery. Nonetheless, when G is a general linear group, the Arthur class is known in both cases due to 
Moeglin-Waldspurger’s classification of the discrete spectrum of automorphic representations of general 
linear groups [MW89 j. In this paper, we will only consider the p-adic case. So from now on, let us assume 
F is a p-adic field, and we will also denote G(F) by G, which should not cause any confusion in the 
context. To describe the Arthur class for general linear groups, we need to introduce some notations 
first. If G = GL(n), let us take B to be the group of upper-triangular matrices and T to be the group of 
diagonal matrices, then the standard Levi subgroup M can be identified with 

GL(n\) x • ■ ■ x GL(n r ) 

for any partition of n = n\ + ■ ■ • + n r as follows 

(GL(n i) \ 

\ GL(n r )j 

(gi,--- ,9r ) —> diag{pi, • • ■ ,g r }. 

For 7r = 7Ti (8> • • • (8>7r r , where 7Tj is a finite-length smooth representation of GL(rii) for 1 ^ i ^ r, we denote 
the normalized parabolic induction lndp(7r) by 

TT \ X • • • X 7T r . 

Moreover, we denote the direct sum of its irreducible subrepresentations by < tt\ x • • • x 7iy >. An 
irreducible supercuspidal representation of a general linear group can always be written in a unique way 
as p\\ x := p(8> | det(-)| x for an irreducible unitary supercuspidal representation p and a real number x. To 
fix notations, we will always denote by p an irreducible unitary supercuspidal representation of GL(d p ). 
Now for a finite length arithmetic progression of real numbers of common length 1 or —1 

x, ■ ■ ■ ,y 

and an irreducible unitary supercuspidal representation p of GL(d p ), it is a general fact that 

p \\ x x.--xp\\y 
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has a unique irreducible subrepresentation, denoted by < p; x, ■ ■ ■ , y > or < x, ■ ■ ■ , y >. If x ^ y, it is 
called a Steinberg representation; if x < y, it is called a Speh representation. Such sequence of ordered 
numbers is called a segment, and we denote it by [x , y\ or {re, • • • ,y}. In particular, when x = —y > 0, 
we can let a = 2x + 1 £ Z and write 

„ , . a — 1 a — 1 

Sf(p, a) :=< ——, • • • ,-— >, 

which is an irreducible smooth representation of GL(ad p ). It follows from Zelevinksy’s classification theory 
that all discrete series of GL(n) can be given by St(p,a ) for pairs (p,a) satisfying n = ad p , and this is a 
bijection. We define a generalized segment to be a matrix 

Xll ' ' * X\ n 

Xml ' ' ' Xmn_ 

such that each row is a decreasing (resp. increasing) segment and each column is an increasing (resp. 
decreasing) segment. The normalized induction 


^iG[l,m] ^ P) •} 5 in ^ 


has a unique irreducible subrepresentation, and we denote it by < p\ {xij} mxn >. If there is no ambiguity 
with p, we will also write it as < {xij} mxn > or 


(Xll • • • Xir 
\^ml •■I'm? 


Moreover, 


< P, {Xij} mxn > — < p, { X } j } 


ij Jraxn 


> 


where {xij}J^ xn is the transpose of {xij} mxn . Let a , b be positive integers, we define Sp(St(p, a), b ) to be 
the unique irreducible subrepresentation of 

Sf(p,a)||- (ft - 1)/2 x Sf(p,a)||- (b - 3)/2 x ••• x St(p, a)|| (b " 1)/2 . 

Then one can see Sp(St(p, a), b ) is given by the following generalized segment 

(a — b )/2 ••• 1 — (a + 6)/2 

(o + 6)/2 —1 ••• —(a — b )/2 

The Arthur class for GL(n) consists of irreducible representations 


( 1 . 1 ) 


x[ =1 Sp(St(pi,a.i),bi ) x x Sp(St(pi,ai),bi ) 


for any set of triples ( pi,ai,bi ) with multiplicities li such that YH=i h a ibid Pi = n. In particular, it 
contains all the discrete series. The local Langlands correspondence for general linear groups gives a 
bijection between the set of equivalence classes of irreducible unitary supercuspidal representations of 
GL(d ) with the equivalence classes of d-dimensional irreducible unitary representations of the Weil group 
Wf- If we identify p* in (11,1ft with the corresponding -dimensional representations of ILV, then we get 
an equivalence class of n-dirnensional representations of Wp x SL( 2, C) x SL( 2, C) by taking 


(J)4(Pi ® v ai <8> Vbi), 

i =1 
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where v ai (resp. vp) is the (a* — l)-th (resp. (6* — l)-th) symmetric power representation of SL( 2,C). 
So the Arthur class for GL(n ) can be parameterized by the set of equivalence classes of n-dimensional 
representations of 

if:W F x SL( 2, C) x SL( 2, C) -A- GL(n, C) 

such that ip\w F is unitary and 4>\sl(2,C)xSL(2,c ) is algebraic. We call such if an Arthur parameter for 
GL(n). The two copies of SL( 2, C) in the definition of Arthur parameters have their own meanings. The 
first one introduced by Deligne, corresponds to some monodromy operator, and is usually integrated with 
the Weil group as Lp := Wp x SL(2,C), named Weil-Deligne group (or local Langlands group). The 
second SL{ 2,C) is introduced by Arthur, and it corresponds to the non-temperedness of the associated 
irreducible smooth representation of GL(n) (cf. (|1.1|> ). 

For general G, we can define an Arthur parameter to be a G-conjugacy class of admissible homomor- 
phisms from Lp x SL( 2, C) to L G, which are bounded on their restrictions to Wp. And we denote the set 
of Arthur parameters by ’F(G). It is conjectured that the Arthur class for G should be parameterized by 
\X(G). To be more precise, for any if G 'I'(G), we are expecting to be able to associate it with a finite set 
II,/. of irreducible smooth representations of G, which is called an Arthur packet. The structure of II,/, can 
be very delicate in general, for example, we would expect these packets to have nontrivial intersections 
with each other. When G is a classical group, Moeglin has developed a theory to characterize the elements 
in (cf. |Moeg06b1 , |Moeg09| , etc.). The main goal of this paper is to present her results in the case of 
quasisplit symplectic and orthogonal groups. First of all, we need to give the definition of IX^, in these 
cases. 

To simplify the discussion in the introduction, we assume G = Sp(2n) if not specified. We should point 
out all the theorems and propositions that we state for symplectic groups below also have their analogues 
for orthogonal groups. For if € \X(G), there is a natural GL(N, C)-conjugacy class of embeddings L G 
GL(N, C) for N = 2n + 1. So we can view if as an equivalence class of representations of Lp x SL( 2, C), 
or an Arthur parameter for GL(N). Moreover, such if is necessarily self-dual. So by the previous 
discussion we can associate it with an irreducible smooth representation of GL(N) (cf. (II.ID ), which 
is also self-dual. Arthur jArt!3| showed one can associate if with a “multi-set” II^, of irreducible smooth 
representations of G such that the spectral transfer of some linear combination of characters in XL is the 
twisted character of 7r^,. If we define to be the component group of the centralizer of the image of if 
in G (which can be made independent of the choice of representatives of if, and shown to be abelian), 
then Arthur further showed there is a “canonical” map from II^ to the characters of S^. So for any 
element e G S^, we can write ir(if,e) for the direct sum of elements in XL which are associated with e. 
then 7 r(if, e) is a finite-length smooth representation of G. The possibility for XL, being a multi-set rather 
than a set suggests the irreducible constituents in ir(if,£) may have multiplicities, and also 7 x{if,£) may 
have common irreducible constituents for different e € S^. But these possibilities are all ruled out by the 
following deep theorem of Moeglin. 

Theorem 1.1 (Moeglin, IMoegllc] ). For G = Sp(2n) and G ^(G), 11^ is multiplicity free. 

In fact, for G T(G) and e G Moeglin constructed a finite-length semisimple smooth representation 
7 tm(V') e ) °f G. She showed 11^, consists of 7e) for all e G S^, and by studying their properties she is 
able to conclude Theroem ll.il A subtle point here is 7r(^,e) in Arthur’s parametrization can be different 
from 7e)- This point has been emphasized in various works of Moeglin, and she also gave the relation 
between these two. Our second goal in this paper is to make that relation more transparent, and in the 
meantime we are able to clarify the fact that the representations constructed by Moeglin are 

indeed elements in the Arthur packet XL,. For this purpose, we would like to rewrite Arthur’s parametriza¬ 
tion 7r( , 0,e) by 7 T\y(^,e) to emphasize its dependence on certain kind of Whittaker normalization (see 
Section 01). And the relation between ttw^, e) and can be given in the following theorem. 

Theorem 1.2. For G = Sp{2n) and if G 'X(G), there exists a character e^ W G S^, such that for any 
£ G S ^ 
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For the statement in this theorem to be true, we have implicitly put some restrictions on Moeglin’s 
parametrization ttm( tp, e). In the most general setting, we will attach 7 e) to characters e in S^> (see 
Section [2]) which contains S^, and we will also define in S ^>. The starting point of this comparison 

theorem is in the case of discrete series. Let us define 

•MG') := {(j) G T(G) : f = ® r i= \fH <3 v ai ® vi, and p{ = pi}. 

Then the following theorem of Arthur showed ^(G) parametrizes the discrete series of G. 


Theorem 1.3 (Arthur). For G = Sp(2n), the set of irreducible discrete series representations of G admits 
a disjoint decomposition 

n2(G) = y n*. 

<t>^2[G) 

Moreover, for any f G $2 (G) and e G S^, £ ) an irreducible representation. 

For <ft G <3? 2 (G) and e G S^, we can simply define 

■= nw(4>,£)- 

To justify this definition, we need to recall Moeglin’s construction (joint with Tadic) of discrete series of G. 
We start by introducing some more notations, and here we will also include the case of special orthogonal 
groups. 

If G = Sp(2n), let us define it with respect to 

0 - Jn\ 

Jn 0 )' 

where 

Jn — 

Let us take B to be subgroup of upper-triangular matrices in G and T to be subgroup of diagonal matrices 
in G, then the standard Levi subgroup M can be identified with 

GL(n\) x • • • x GL(n r ) x G_ 

for any partition n = n\ + • • • + n r + n_ and G_ = <Sp(2n_) as follows 

/ GL[n\) 0 \ 

GL(n r ) 

G_ 

GL(n r ) 



V 0 


GL(m)/ 


(1-2) ( 51 , ■■■Sr, 5 ) — > diag{ 5 i, ■ ■ ■ ,g r ,g,tg r X , • ■ ■ ,t9i X }, 

where tPi = Jn-, t 9% Jjf 1 for 1 ^ ^ r. Note n_ can be 0, in which case we simply write Spiff) = 1. For 
7T = 7Ti (E> • • • <8> 7iy <8> <r, where 7 n is a finite-length smooth representation of GL{ni) for 1 ^ i ^ r and a is 
a finite-length smooth representation of G_, we denote the normalized parabolic induction Indp(7r) by 


7Tl X • • • X 7T r x a. 

Moreover, we denote the direct sum of its irreducible subrepresentations by < tt\ x ■ ■ ■ x 7iy x a >. These 
notations can be easily extended to special orthogonal groups. If G = SO{N) split, we define it with 
respect to J^r. When N is odd, the situation is exactly the same as the symplectic case. When N = 2 n, 
there are two distinctions. First, the standard Levi subgroups given through the embedding (11.21) do not 
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exhaust all standard Levi subgroups of SO(2n). To get all of them, we need to take the #o-conjugate of 
M given in (11.21) . where 

p \ 


v v 

Note M e ° 7 ^ M only when n_ = 0 and n r > 1. In order to distinguish the ^-conjugate standard Levi 
subgroups of SO(2n), we will only identify those Levi subgroups M in (|1.2|) with GL{m ) x ■ ■ • x GL(n r ) x 
G-, and we denote the other one simply by M e °. Second, if the partition n = n\ + • • • + n r + n_ 
satisfies n r = 1 and n_ = 0, then we can rewrite it as n = n\ + • • • + n r _i + n'_ with n'_ = 1 , and the 
corresponding Levi subgroup is the same. This is because GL( 1) = 50(2). To fix notation, we will always 
write it as SO(2). In this paper, we will also consider G = SO(2n, 77 ), which is the outer form of the split 
SO(2n ) with respect to a quadratic extension E/F and 0q. Here r/ is the associated quadratic character 
of E/F by the local class field theory. Then the standard Levi subgroups of SO(2n,rf) will be the outer 
form of those 0o-stable standard Levi subgroups of SO(2n ). In particular, they can be identified with 
GL{n\) x • • • x GL(n r ) x SO{n-,r/) and n_ 7 ^ 0. Note in the case of 50(8), there is another outer form, 
but we will not consider it in this paper. 

Now we are back to the case G = Sp(2n). For (f> = ® r i= iPi <8> v ai ® v\ e $ 2 ( 0 ), we define 

Jord((f>) := {( pi, at ) : 1 ^ i ^ q}, 


and 


J or dp ((f)) := {a,i : p = pi}. 


Then we can identify 5^ with the subspace of Zo-valued functions e(-) on Jord((j)) such that 


JJ e(p,a) = 1 

( p,a)£jord(<p) 


(see Section[2]). The following theorem gives a parametrization of irreducible supercuspidal representations 
of G. 


Theorem 1.4 (|Moegllb|, Theorem 1.5.1). For G = Sp(2n), the irreducible supercuspidal representations 
of G are parametrized by <f> € <I> 2 ( 0 ), and e € 5^ satisfying the following properties: 

(1) if (p, a) G Jord(4>), then (p, a — 2) € Jordipf ) as long as a — 2 > 0; 

(2) if (p, a), (p, a — 2) € Jord(4>), then e(p, a)e(p, a — 2) = — 1; 

(3) if (p, 2) G Jord{4>), then e(p, 2) = — 1. 

For non-supercuspidal irreducible representations of G, we can characterize their cuspidal supports by 
the following proposition. 

Proposition 1.5 ( |Xul5) . Proposition 9.3). For G = Sp{2n), suppose 1 f G $ 2 (G), and e G S^. For any 
(p,a) G Jord(4>), we denote by a_ the biggest positive integer smaller than a in Jord p {4>)- And we also 
write a m i n for the minimum of Jord p {(/>). If a = a m i n , we let a_ = 0 if a is even, and —1 otherwise. In 
this case, we always assume e(p, a)e(p, a_) = — 1 . 

(1) If e(p, a)e(p, a_) = —1 and a_ < a — 2, then 
(1.3) 7 e) (a — l)/2, ■ ■ • , (a_ + 3)/2 > X7Tvy(^', s') 

as the unique irreducible subrepresentation, where 

Jord(4>') = Jord(4 >) U {(p, a_ + 2)}\{(p, a)}, 

and 

s'(-) = e(-) over Jord(4>)\{(p, a)}, e'(p, a_ + 2) = s(p, a). 








6 


BIN XU 


(2) If e(p,a)s(p,a-) = 1, then 

(1.4) 7ri v((/),£) (a - l)/2, — ,-(a_ - l)/2 > xi7 t w {4>\e'), 

where 

Jord{f>') = Jord((f>)\{(p, a), (p, o_)}, 

and s'(-) is the restriction of e(-). In particular, suppose E\ G S^ satisfying £i(-) = e(-) over 
Jord{cj)') and 

£i{p,a) = —e(p, a), e 1 (p,a_) = -e(p,a_). 

T/ien f/ie induced representation in CUD /ias two irreducible subrepresentations, namely 

n w (4>,e) ®TT W {(t>,ei). 

(3) If e(p, a m i n ) = 1 and a m i n is even, then 

(1.5) lT\y((j), S') ( a min l)/2, j ®0 (^ , £ ) 

as t/ie unique irreducible subrepresentation, where 

J ord(4>') = Jord(f))\{{p,a m i n )}, 
and e'(-) is the restriction of e(-). 

The construction of discrete series by Moeglin and Tadic can be obtained by reversing the steps (11.31) . 
(HD and (11.51) in this proposition. Finally, in the general construction of e), one requires various 

reducibility results, which are all based on the following basic criterion. 


Proposition 1.6 ( jXu!5| . Corollary 9.1). For G = Sp(2n), suppose n is a supercuspidal representation 
of G and n G 11^ for some cf G 4 > 2 (G). Then for any unitary irreducible supercuspidal representation p of 
GL(d p ), the parabolic induction 

pi |±(“p+l)/ 2 x, 

reduces exactly for 


( 1 . 6 ) 


a p = 


max Jord p {4>)i 

0 , 

- 1 , 


if J or d p {4>) / 0, 

if Jord p (d) = 0, p is self-dual and is of opposite type to G, 
otherwise. 


The main tool in Moeglin’s construction of elements in the Arthur packets of classical groups is the 
Jacquet module. Here we would like to summarize the relevant notations about Jacquet modules used in 
her work. For general G, we denote by Rep(G) the category of finite-length smooth representations of G. 
We include the zero space in Rep(G), and by an irreducible representation we always mean it is nonzero. 
Now let G be a quasisplit symplectic or special orthogonal group of F-rank n. We fix a unitary irreducible 
supercuspidal representation p of GL(d p ), and we assume M = GL(d p ) x G- is the Levi component of 
a standard maximal parabolic subgroup P of G. Note in case G- = 1 and G is special even orthogonal, 
we require P to be contained in the standard parabolic subgroup of GL{2n) by our convention. Then for 
vr G Rep(G'), we can decompose the semisimplification of the Jacquet module 

s.s.Jacp( 7 r) = ^ Tj <g> Oi, 
i 

where Tj G Rep (GL(d p )) and cij G Rep(G_), both of which are irreducible. We define Jac x 7 r for any real 
number x to be 

Jac x ( 7 r) = (J) o-j. 
n=p\\ x 

If we have an ordered sequence of real numbers {aq, • • • , x s }, we can define 


J ac rci ... ^ s 7 r — J &c Xs o • • • o J a,c Xl 7 r. 
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Moreover, let 


J < H 


Jac x + Jac x o Oo, if G = SO{2n) and n = d p ^ 1, 
Jac x , otherwise. 


Then Jac^ defines a functor on the category of 0(2?r)-conjugacy classes of finite-length smooth represen¬ 
tations of SO(2n). It is not hard to see Jac^ can be defined for GL(n) in a similar way by replacing G_ 
by GL(n_). Furthermore, we can define Jac° p analogous to Jac x but with respect to p v and the standard 
Levi subgroup GL(n_) x GL(d p v). So let us define Jac^ = Jac^ o Jac^ x for GL(n). There are some 
explicit formulas for computing these Jacquet modules, and we refer the readers to ( |Xul5| . Section 5). 

Acknowledgements: The author wants to thank the Institute for Advanced Study (Princeton), where 
this work was carried out. He also gratefully acknowledges the support from University of Calgary and 
the Pacific Institute for the Mathematical Sciences (PIMS), when this work took its final form. During 
his time at IAS, he was supported by the NSF under Grant No. DMS-1128155 and DMS-1252158. 


2. Arthur parameter 

Let F be a p-adic field and G be a quasisplit symplectic or special orthogonal group. We define 
the local Langlands group as Lp = Wf x SL( 2,C), where Wf is the usual Weil group. We write 
F f = r p/F for the absolute Galois group over F. Let G be the complex dual group of G, and L G 

be the Langlands dual group of G. An Arthur parameter of G is a G-conjugacy class of admissible 
homomorphisms ip : Lp x SL( 2,C) —> L G , such that ip\w F is bounded. If ip\sL{2,C) = 1> we sa Y the 
parameter is tempered. We denote by \k(G) the set of Arthur parameters of G. Here we can simplify the 
Langlands dual groups as in the following table: 


G 

l G 

Sp{2n) 

SO(2n + 1, C) 

SO{2n + 1) 

Sp(2n, C) 

50(271, rj) 

50(2n,C) x T e/f 


In the last case, p is a quadratic character associated with a quadratic extension E/F and T E / F is the 
associated Galois group. We fix an isomorphism 50(2n, C) x V E / F = 0(2n,C). So in either of these 
cases, there is a natural embedding £at of L G into GL(N, C) up to GL(N, C)-conjugacy, where N = 2n +1 
if G = Sp{2n) or N = 2n otherwise. We fix an outer automorphism 9q of G preserving an F-splitting. If 
G is symplectic or special odd orthogonal, we let 9q = id. If G is special even orthogonal, we let 9q be 
induced from the conjugate action of the nonconnected component of the full orthogonal group. Let 6$ 
be the dual automorphism of Oq. We write So =< 9q >, G s ° = Gx < 9q >, and G s ° = Gx < Oo >. So 
in the special even orthogonal case, G s ° (resp. G s °) is isomorphic to the full (resp. complex) orthogonal 
group. Let wo be the character of G s °/G, which is nontrivial when G is special even orthogonal. 

By composing ijj with we can view ip as an equivalence class of A-dimensional self-dual represen¬ 
tation of Lp x SL( 2, C). So we can decompose i/j as follows 

r r 

(2.1) V’ = (J) kA = (J) k{(H ® F h ® i\). 

i=l z=l 

Here pi are equivalence classes of irreducible unitary representations of Wp, which can be identified with 
irreducible unitary supercuspidal representations of GL{d Pi ) under the local Langlands correspondence 
(cf. [HToH . [H enOOj . and |Schl3| h And (resp. u^) are the (at — l)-th (resp. (hi — l)-th) symmetric 
power representations of SL{ 2,C). The irreducible constituent Pi®u ai ®Vbi has dimension m = n^ pua .^p 
and multiplicity li. We define the multi-set of Jordan blocks for ip as follows, 

Jord(ip) := {(pi,a,i,bi) with multiplicity li : 1 ^ i ^ r}. 
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For any p, let us define 

Jord p (VO := £ Jord(i/j) : p = p}. 

Fix a representative ip, we define for any subgroup £ C So 

= Cent(Imi/>, G s ), 

= Sg/Z(G) r ^, 

«S| = 5|/5| = 5|/5^(G) r -. 

We denote by the image of the nontrivial central element of SL( 2,C) in 5,/,. 

To characterize the centralizer groups Sp and «S^°, we need to introduce a parity condition on the 
set of Jordan blocks Jord(ip). There is a common way to define the parity for self-dual irreducible 
representations p of Wf (see |Xul5j . Section 3). We say (pi,di, bi ) is of orthogonal type if pi (g) v ai <g> 
factors through an orthogonal group, or equivalently di + bi is even when pi is of orthogonal type and di + bi 
is odd when pi is of symplectic type. Similarly we say (pi, a,, bi) is of symplectic type if pi <g> v ai <g) Z/&. 
factors through a symplectic group, or equivalently a, + bi is odd when pi is of orthogonal type and a, + bi 
is even when pi is of symplectic type. Let ip p be the parameter whose Jordan blocks consists of those in 
Jordpip) with the same parity as G, and let ip np be any Arthur parameter of general linear group such 
that 

Ip = Ipnp © i’p © i>np- 

We denote by Jord(ip) p the set of Jordan blocks in Jord(ip p ) without multiplicity. After this preparation, 
we can identify those centralizer groups above with certain quotient space of ^-valued functions on 
Jord(ip) p . To be more precise, let so = (so,*) € z 2 °' d ^' >p be defined as so,« = 1 if h is even and so,* = — 1 
if U is odd. Then 

<S|° = = (Si) £ Z J 2 ° rdWp }/ < s 0 >, 

and 

S ± = {s = ( Si ) € Z J 2 ° rdWp : I]>ir = 1}/ < so > 

i 

if G is special even orthogonal. Under these identifications, := (s^, j) £ ^ dord (4) P _ ( — 1)^ 

if bi is even and = 1 if bi is odd. Let us denote by Sp (resp. S^°) the corresponding quotient space 
of Z 2 -valued functions on Jord(ip) p such that S^ = Sp (resp. <S^° = <S^°). 

There is a natural inner product on r ^ yrd G>)v w hich identify its dual with itself. Let e = (e*) and 
s = (sj) be two elements in j j ^ ord G’)p, tj ien their inner product is defined by s(s) = \\i{£i * Sj), where 


* $i — 



if £i = Si = -1, 
otherwise. 


So on the dual side, 

S^ = { £=(£ . )€Z do r d Mp.JJ £ b = 1} , 

i 

When G is special even orthogonal, let £o = (eo,i) € j J dord G } )p defined as £o ,i 
£o,i = — 1 if rii is odd, then £q £ S^° is always trivial when restricted to S^, and 

5$ = {£ = (Si) £ Z dordWr> : = !}/ < eo > • 


1 if rii is even, or 


In general, we can let £o = 1 if G is not special even orthogonal. In this paper, we will always denote 

w ... --- 

elements in S^° by £ and denote its image in Sp by £. 
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For computational purpose, it is more convenient to view 5,^° as functions on Jord(il> p ). In fact there 
is a natural projection 


( 2 . 2 ) 


Z 


Jord(ipp) 

2 


Cont 


+ jJord(i>) p 


S I-» s' 

such that 

s'(p,a,b)= s{p',a',b') 

(p' ,a' ,b')€:J ordi^jp) 

(p' ,a',b')=(p,a,b) in Jord(xp) p 

for (p, a, b) £ Jord{ip) p . In particular, so has a natural representative s q in ^ i dord ^p^ given by Sq (p, a, b ) = 
— 1 for all (p, a, b ) £ Jord(^ p ). When G is special even orthogonal, the determinant condition for defining 
5.0 becomes 

(2.3) Y[ s(p,a,b) n ^- b ) = 1. 

( p,a,b)£jord(il > p ) 

Moreover, also has a natural representative s ^ in ^ J dord ^p'> given by s^(p,a,b) = —1 if b is even or 1 
if b is odd. We define 

sf; = {»(•) € z^ J <*>}/ < >, 

and 

<V = {*(•) € zl° rd{ ^ ) : H s(p, a , &)"(*«■*) = 1}/ < > 

( p,a,b)£jord (^ p ) 

if G* is special even orthogonal. Then there are surjections 5,^° -A S^° and S^> -A 5.0. 

On the dual side, we have a natural inclusion 


Z 


Jord(i/j) 

2 


PC 


Ext 


z 


Jord(if) p ) 
2 


£ h 


+ £ 


such that 

e\p,a,b) = e(p, a, 6) 

for (p,a,b) £ Jord(ip p ). We can define an inner product on Z 2 /or<i ^’ p ^ as for Z dord ^p_ Then this inclusion 
is adjoint to the previous projection in the sense that 

e(Cont{s )) = Ext(s)(s ) 

for £ £ j j ^ ord G ) )p an( j s (z ^Jordii’p)' therefore £o can also be viewed as a function on Jord(ip p ) through 
the inclusion map, and the condition imposed on defining 5^° becomes 

IJ s(p,a,b) = 1. 

( p,a,b)£jord(tp p ) 


We also define 


and 


5| = {£(■) G Z 2 Jo ^ } : [] e(p, a, b) = 1}, 

( p,a,b)£jord(ipp ) 

§p> = {£(■) G zf Jr<i(,/;p) : e(p, a, 6) = 1}/ < £ 0 > 

(p,a,b)£jord(ij>p) 
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if G is special even orthogonal. Then there are inclusions S^° ■—> <S^> and <Sili . For e £ <S^>, we 

denote its image in S^> by e. 

In the end, we are going to associate any Arthur parameter -0 £ T(G) with two Langlands parameters 
of G naturally. For the first one, we define 


^(u) = ip 




u £ Lp. 


Note <p^ £ $(G) is nontempered, and in the notation of (12.11) we can write it as 


bi — i 


@ k ( (J) (Pi 


dbi-l)/2-j 


i =1 


3=0 



For the second one, we can compose ip with 


A : Wp x SL{ 2, C) -»• W F x SL( 2, C) x SL{ 2, C), 

which is the diagonal embedding of SL( 2, C) into SL( 2, C) x SL( 2,C) when restricted to SL( 2, C), and 
is identity on Wp. Note the composition ipj := ip o A £ &bdd(G). To expand ipd, we need to introduce 
some more notations. For (p,a,b) £ Jord(ip), let us write A = (a + b)/ 2 — 1, B = \a — 6|/2, and set 
C = Ca,b = Sign(a — 6) if a 0 6 and arbitrary otherwise. Then we can replace (p,a,b) by ( p,A,B ,()• 
Under this new notation, we have 

r 

"0 'd = (J) k ( (J) Pi ® v 2j+lj , 

i= 1 

where j is taken over half-integers in the segment [Aj, Bi]. 

Finally, So acts on \k(G) through 9q, and we denote the corresponding set of So-orbits by \k(G). It is 
clear that for ip £ ’F(G), Jord(ip ) only depends on its image in ’F(G). It is because of this reason, we will 
also denote the elements in ’F(G) by ip. Moreover, through the natural embedding £jv, we can view T(G) 
as a subset of equivalence classes of IV-dimensional self-dual representations of Lp x SL( 2,C). 


3. Endoscopy 

Before we can introduce the Arthur packets, we need to talk about the relevant cases of endoscopy in 
this paper. The discussion here will be parallel with that in (|Xul5j, Section 4). Suppose ip £ ’F(G) and 
s £ is semisimple. In our case, there is a quasisplit reductive group H with the property that 

H = Cent(s, G)°, 

and the isomorphism extends to an embedding 

£ : L H —>■ l G 

such that £,( l H) C Cent(s, L G) and ip factors through L H. So from ip we get a parameter ipp £ 

We say (H, ip ) corresponds to (ip,s) through £, and denote this relation by (H,ip ) —> ( ip,s ). Such H 
is called an endoscopic group of G. In the following examples we will always assume ip = ip p . 

Example 3.1. (1) If G = Sp(2n), then L G = SO{2n + 1,C). For s £ S^>, it gives a partition on 

Jord(ip ) depending on s(p,a,b) = 1 or —1, i.e., 

Jord(ip ) = Jord + U Jord-. 

Without loss of generality, let us assume 

Y n (p,a,b) = 2n/ + 1 = A/ and Y n (p,a,b) = 2n// = N n- 

(p,a,6)G Jord_|_ (p,a,b)^Jord— 
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Define 

m = mi= n v ( P ,a,b) 

( p,a,b)£Jord _ 

where V(p,a,b) is the quadratic character dual to det(p<g) u a (g> zp,). Let 

G/ = Sp(2ni) and Gjj = SO{2nn,r}n). 

Then we have 

H = Gi x Gn and L H = ( Gj x Gjj) x T e u /Fi 
where Ejj is the quadratic extension of F associated with r/jj. Let 

&: L Gi^GL(N u C) 

be the natural embedding for 1 = 1,11. Then 

£ := (£/©??/) ©6r 

factors through L G and defines an embedding L H L G. We define ipi € Gi ) by 
Jord(il’i ) := {{p (g> r)i, a, b) : ( p,a,b ) £ Jord + }, 

and ipu £ ^(G//) by 

Jordan) '■= {(/ 0 ,a,£>) £ Jord-}. 

Let Vtfi = ipi x Vh7- 

(2) If G = SO(2n + 1), then L G = Sp(2n,C). For s £ S^>, it gives a partition on Jord(i/j) depending 
on s(p,a,b) = 1 or —1, i.e., 

Jord(ip) = Jord + U Jord-. 


We can assume 

X n ( P ,a,b) = 2nj = IV/ and X n( P ,a,ft) = 2n n = N n- 

(p,a,b)£jord-\- ( p,a,b)£Jord _ 

Define rp = ??// = 1. Let 

G/ = SO(2nj + 1) and G// = SO(2njj + 1). 

Then we have 


Let 


H = Gj x G// and H = G/ x G// 


& : L G i ^GL(W,C) 


be the natural embedding for i = I, II. Then 


f := £/ © 6/ 


factors through 


l G and defines an embedding L H L G. We define ipi £ ^(G/) by 
Jord(ipi) := {(p,a,b) £ Jord + }, 


and '0// £ T(G//) by 

Jordan) := {(p, a, b) £ Jord_}. 

Let i/’// = ipi x ijjjj. 

(3) If G = SO(2n,rj), then L G = SO(2n,C) x r E //?. For s £ <S,p, it gives a partition on Jord(ip ) 
depending on s(p,a,b ) = 1 or —1, i.e., 

Jord(ijj) = Jord + U Jord-. 


By the condition (12.311 . we can assume 

X] n (p,«,f>) = 2n -r = A V and X n (p,a,b) = 2n ^ = 

(p,a,6)G Jord+ (p,a,b)^Jord— 
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Define 

Vi = 11 ^(p, a,b) and r)n = V( P ,a,b), 

(p,a,b)£Jord-\- (p,a,b)£Jord— 

where V( P ,a,b) is the quadratic character dual to det(p< 8 >u a (g>z/{,). We also denote by E t the quadratic 
extension of F associated with 77 * for i = I, II. Let 

Gj = SO(2nj,pj) and Gjj = SO(2njj,r]jj). 

Then we have 

H = Gj x G n and L H = (Gj x G n ) x V L/F 
where L = EjEjj. Let 

& : L GiGL(Ni, C) 

be the natural embedding for i = 7, II. Then 

£:=£/©£// 

factors through L G and defines an embedding L H ^ L G. We define ipi £ ^(G/) by 

Jord(ipj) := {( p,a,b ) £ Jord + }, 

and ipjj £ \I ’{Gn ) by 

Jordan) '■= {(p,a,b) £ Jord-}. 

Let iI’h = ip i x Vt J ■ 

In the examples above, H is called an elliptic endoscopic group of G. We can define T(//) = 
’L(G'/) x ^(G//), then ipjj £ 'F(iL). For s £ 5p>, we still say (ff, ipjj) correspond to (ip,s) through £, and 
denote this relation by (H,iPh) —> (ip,s). 

In part (3), it is possible to also choose s £ S^° but not in 5p>, and then we get a partition on Jord(ip), 
i.e., 

Jord(ip) = Jord + U Jord _ 

so that 

22 n (p,aJ) = 2nj + 1 = IV/ and 22 n (p,a,b) = 2n// + 1 = IV//. 

(p,a,6)G Jord+ ( p,a,b)GJord _ 

Define 

Vi = n ^, 0 , 6 ) and r/// = V( P ,a,b), 

(p,a,b)E Jord+ ( p,a,b)£jord _ 

where V( P ,a,b) is the quadratic character dual to det(p v^). Let 

Gj = Sp(2nj ) and Gjj = Sp(2njj) 

Then we can define ipi £ J>(Gj) by 

Jord(ipj) := {(p © Vi, a, b) £ Jord + }, 

and ipjj £ J>(Gjj) by 

Jordan) := {(p©? 7 //,a, b) £ Jord-}. 

Let 

H = Gj x Gji and = G/ x G//. 

In this case, H is called a twisted elliptic endoscopic group of G. Let 

Cr. L Gi^GL(N u C) 

be the natural embedding for i = I, IE Then 

£ := (£/ <g> 77 /) © (£// © 77 //) 

factors through L G and defines an embedding L H ^ L G. Let 

IpH = Ipl X "0//. 

We say (H,ipn) corresponds to (ip, s) through £, and write ( H,ipn ) —>• (ip,s). 
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In this paper, we also want to consider the twisted elliptic endoscopic groups of GL(N), but we will 
only need the simplest case here. Recall for ip £ 'I'(G'), we can view ip as a self-dual iV-dimensional 
representation through the natural embedding 

6v : L G^GL(N, C), 

and in this way we get a self-dual Arthur parameter for GL(N). We fix an outer automorphism On of 
GL(N) preserving an F-splitting. and let On be the dual automorphism on GL(N,C), then £n( L G) C 
Cent(s, GL(N, C)) and G = Cent(s, GL(N, C))° for some semisimple s £ GL(N, C) x On- So we call G a 
twisted elliptic endoscopic group of GL(N). 

What lies in the heart of endoscopy theory is a (twisted) transfer map on the spaces of smooth compactly 
supported functions from G to its (twisted) elliptic endoscopic group H (similarly from GL{N) to its 
twisted elliptic endoscopic group G ). The existence of the (twisted) transfer map is quite deep, and it 
was conjectured by Langlands, Shelstad and Kottwitz. In a series of papers Waldspurger [ Wal95j Wal97 
[Wal06] |Wal08j was able to reduce it to the Fundamental Lemma for Lie algebras over the function 
fields. Finally it is in this particular form of the fundamental lemma, Ngo |NgolO| gave his celebrated 
proof. Let us denote such transfers by 

(3.1) C?(G) - >C?(H) 

f - >f H 


C?{GL(N)) - >C?(G) 

f - >f G - 

In the definition of the (twisted) transfer maps, there is a normalization issue. To resolve that, we will 
always fix a Eo-stable (resp. #Ar-stable) Whittaker datum for G (resp. GL(N )) in this paper, and we will 
take the so-called Whittaker normalization on the transfer maps. We should also point out these transfer 
maps are only well defined after we pass to the space of (twisted) orbital integrals on the source and the 
space stable orbital integrals on the target. Note the space of (twisted) (resp. stable) orbital integrals 
are dual to the space of (twisted) (resp. stable) invariant distributions on G, i.e. one can view the 
(twisted) (resp. stable) invariant distributions of G as linear functionals of the space of (twisted) (resp. 
stable) orbital integrals. So dual to these transfer maps, the stable distributions on H (resp. G) will 
map to (twisted) invariant distributions on G (resp. GL(N)). We call this map the (twisted) spectral 
endoscopic transfer. Since we can identity C£°(G x 6q) (resp. C£°(GL(N) x On)) with C£°(G) (resp. 
Cp°(GL(N ))) by sending g x Oq (resp. qm x 9n) to g (resp. g^), we can define the twisted transfer map 
also for C™{G x 0 o ) (resp. C™(GL(N) x 0 N )). 

If 7T is an irreducible smooth representation of G, then it defines an invariant distribution on G by the 
trace of 

tt (/) = ( f(g)n(g)dg 
Jg 

for / £ C£°(G). We call this the character of n and denote it by / g ( 7F )- For any irreducible representation 
7 r s ° of G s °, which contains 7r in its restriction to G, we define a twisted invariant distribution on G by 
the trace of 

7T So (/) = [ f{g)^ T ‘°{g)dg 

J G>iOo 

for / £ C^°(G x Oq). We call this the twisted character of G, and denote it by /g(t S °)- We can also 
define the twisted characters for GL(N) similarly, but we will write it in a slightly different way. Let 7r 


and similarly 
(3.2) 
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be a self-dual irreducible smooth representation of GL(N), we can define a twisted invariant distribution 
on GL(N) by taking the trace of 

^ r(/) o A w ( 6 n ) 

for / £ C£°(GL(N)), where A n (0jy) is an intertwining operator between 7r and tt 8n . We call this the 
twisted character of n and denote it by f N e{i r). 

Since the (twisted) elliptic endoscopic groups H in our case are all products of quasisplit symplectic 
and special orthogonal groups, we can define a group of automorphisms of H by taking the product of 
So on each factor, and we denote this group again by So- Let H{G) (resp. 'H(H)) be the subspace of 
So-invariant functions in Cf°(G) (resp. Cffi(H)). Then it follows from a simple property of the transfer 
map (which we will not explain here) that we can restrict both (j3.1jl and (|3.2|) to H(G) and 'H(H). 


4. Arthur packet 


For if £ T( G ), we define 

~ijj X (p l a,6)£jord('!/))'S4 , (‘S'^(/7) bfi 

From |Tad86] . we know is a unitary self-dual irreducible representation of GL(N), and there is a 
Whittaker normalization of the intertwining operator A n ^(0iy) on ir^ (see |Artl3j . 2.2). Now we can state 
Arthur’s local theory for G. 

Theorem 4.1 (Arthur). For any if £ i&(G) and e € S^, there is a canonical way to associate a finite- 
length semisimple unitary representation viewed as H(G)-module ir(if,e) (which can he zero), satisfying 
the following properties: 

(1) 

/(VO : = ^2 ^vO/cMt/e)) 

defines a stable distribution for f £ H(G). Moreover, 

(4.1) f G ^) = f N e(7 ty), / £ C c °°(GL(lV)), 

after we normalize the Haar measures on G and GL(N ) in a compatible way. 

(2) Suppose if = if p and s £ S^>. Let (H^ifn) —>• (if,s), and we define a stable distribution f(ifn) 
for f £ H{H) as in (1), then after we normalize the Haar measures on G and H in a compatible 
way the following identity holds 

(4.2) f H ^vO/G^Ci/Ze)), / £ H(G), 

where we denote the image of s in S^ again by s. 

When G is special even orthogonal, we have an additional character relation. 

Theorem 4.2 (Arthur). Suppose G is special even orthogonal, 'if = if p £ 'F(G') and e £ S^°, for any 
irreducible representation it viewed as %{G)-module [t] in ir{if,E) such that ir e ° = ir, one can associate it 
with an extension 7r s ° to G s °. Then for any s £ S^° but not in S^> and (H, fin) {if, s) the following 
identity holds 

(4.3) e( SSi ,)f G (7T^), f £ Cf°(G x 0 O ), 

[7r]G7r(^),e): 

where e £ Sfifi is in the preimage of e, and it depends on the extension 7r s °. We denote the image of s in 
S2 again by s, and we normalize the Haar measures on G and H in a compatible way. 
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We denote the set of ^(G)-modules n(if, e) for fixed if G ^(G) and all e G by II^. One can see from 
both (14.ID and (14.21) that the parametrization inside 5^, by S^, depends on the normalization of A n ^(6^) 
and also those of intertwining operators related to ifn (he., A n ^ ($iv, : ) for i = 1,11). In Arthur’s theory, 
we always use the Whittaker normalization, as it is the most natural normalization from the global point 
of view, and it is in this sense that we say the association of 7r(-0, e) with e G S^ is canonical. But as 
it has been pointed out in [MWOGj . locally there is no reason to privilege the Whittaker normalization. 
Later on we will discuss another normalization used by Moeglin and Waldspurger in }MW06j . which is 
critical for studying the structure of ir(if,£). So in order to distinguish different parametrizations with 
respect to various normalizations, we will denote ir(if,e) in Arthur’s theory by nw(if,£), and similarly 
denote f(if) by fw(if) and denote f N e(ir^) by f N e jW (ir$). 

Unlike the tempered case where all nw(if,e) are distinct and irreducible (see Theorem ll.3l and (Xu 15] . 
Theorem 2.2), Arthur’s theory says little about irw(if,£) except for its unitarity. In fact, ^rw(if,£) can 
be reducible or even zero in general, and it is the main goal of this paper to explore the inner structure 
of 7 T]v(if,e). To do so, we will mainly follow |Moeg06b1 , |Moeg09| and [ MW06 ], 

As a consequence of Mceglin’s results about ir\v(if, e), we will be able to define the Arthur packet for 
G s ° and describe its structure (see Section [8]). To begin with, we define II^ 0 for cf G 4*2 (G) to be set of 
irreducible representations of G s °, whose restriction to G belong to Ll^. Then Theorem 14.21 allows us to 
parametrize II^ 0 by <S^°, and we have the following result. 

Theorem 4.3 (Arthur). Suppose cf G 4*2 (G), there is a canonical bijection between IIJ 0 and 



<p 


£1 -e), 

such that 

• 

( 4 . 4 ) TTyy ((f ,££())= ITyy ((f, £) (& LV(). 

• [tt^((/>, e)| g\ = 27rvu(^», e) if G is special even orthogonal and S^° = S^, or Trw(<f, e) otherwise. 

• For any s G S^° but not in S$ and ( H,4>h) —> (4>,s), the following identity holds 

fw(<t>H) = Y, e(s)f G (n^(cf,£)), / G C c °°(G * 9 0 ). 

5. MCEGLIN-WALDSPURGER’S NORMALIZATION 

The main reference for this section is |MW06j . Suppose if G 'T(G), we denote the normalized action of 
9]\f on 7r^, by 9(if) for simplicity. If it is the Whittaker normalization, we denote it by 9\y(if). Our aim is 
to introduce the normalization used by Moeglin and Waldspurger, which we denote by Omw(' l f), an d 1° 
calculate explicitly the difference 9mw(^)/9w( if)- 

To give the definition, we need to specify a class of parameters in T(G') called parameters with “discrete 
diagonal restriction”. To be more precise, if G 'I'(G) is said to have discrete diagonal restriction if 
ifd G 4*2 (G). It is an easy exercise to see that this is equivalent to require if = if p and for any fixed p, the 
segments [A,B] for (p,A,B,Q G Jord p (if) are disjoint. In particular this implies Jord(if ) is multiplicity 
free. Among this class of parameters, we call if is elementary if A = B for all (p, A, B, £) G Jord(if), 
or equivalently inf(a,b) = 1 for all (p,a,b) G Jord(if). Note in the original terminology of Moeglin and 
Waldspurger, elementary parameters are not required to have discrete diagonal restriction, nevertheless 
whenever they treat the elementary parameters, they include the condition of discrete diagonal restriction. 
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This is the reason that we include the condition of discrete diagonal restriction in our definition of 
elementary parameters. For simplicity, if if is elementary we also denote by Jord p (ifd) the set of integers 
a such that (p,a, 1) £ Jord(ifd), and we write (p, a, S a ) for (p, (a — l)/2, (a — l)/2,5 a ) € Jord(if). 

We first give the definition of 6mw( if) for those elementary parameters. Suppose for all (p,B,B,Q £ 
Jord(if), we have B = 0, then simply let Qmw (VO = Qw(if)- Otherwise, we fix p and let B 0 be the 
smallest number with (p, Bo, Bo, Co) £ Jord(if). If Bo / 0, we have 

Tty ^ HI** X Tty/ X p|| -CoB ° 

as the unique irreducible subrepresentation, where Jord(if') is obtained from Jord(if) by changing 
(p, Bo, Bo, Co) to (p,Bo — 1 ,Bq — l,Co) when Bo ^ 1, or removing (p, Bo, Bo, Co) otherwise. Then we 
take Qmw (if) to be induced from Qmw( if')- If -®o = 0, let B\ be the next smallest number with 
(p, B\, B\, Ci) £ Jord(if), and we have 

Tty Cl-Bl, • ■ • ) 0 > X7ty/X < 0, • • • , —Cl-Bl > 

where Jord(if') is obtained from Jord(if) by removing (p, Bo, Bo, Co) and (p, B\, B\, Ci). Note 7ty appears 
with multiplicity one in the induced representation, then again we take Qmw( if) to be induced from 
Qmw(iC')- This finishes the case of elementary parameters. 

Next we consider the case of parameters with discrete diagonal restriction. We choose (p, A, B , C) with 
A > B, then 

?ty c B,--- ,-C a > X7Iyx ,-C B >, 

as the unique irreducible subrepresentation, where Jord(if 1 ) = Jord(if)U{(p, A— 1, B+ 1, C)}\{(/ 9 ) A B, C)}. 
Then we take Qmw (if) to be induced from Qmw( if')- 

Lemma 5.1. 7n f/ie set up above, Qmw (if) is independent of the choice of (p, A, B, (). 

The proof of this Lemma can be found in ( [MWOfij . Lemma 1.12.1 and Lemma 1.12.2). 

Now we can consider the general case. If 'if ^ if p , we can write 

Tty = ( x (p,a,b) Sp(St(p,a),b)j x 7ty p x ^ x (PiCli6 ) Sp(St(p, a),b) v j, 

where ( p,a,b ) are taken over Jord(if np ), and hence define Qmw( if) to be induced from Qmw^p)- So 
without loss of generality, we may assume if = if p . The general case requires us to put some total order 
>ip on Jord(if p ) satisfying the following condition. 

(V): V(p, A, B, C), (p, A', B', (') £ Jord(if) with A > A’, B > B' and C = then ( p,A,B,() >ip 
(p.A'.B'.C). 

The necessity of this condition will be discussed in a moment. The point is there are many orders 
satisfying this condition and we do not have a privileged one in general. Nonetheless, for parameters 
with discrete diagonal restriction, we can always choose an order such that for any p, (p, A, B, (f) >^ 
(p, A !, B', C') if and only if A > A'. We call such orders the natural orders for parameters with discrete 
diagonal restriction. For if £ \k(G) with order >^, we call i/ ; > € ^(G>) with order >^ )> dominates if 
with respect to >^p, if there is an order preserving bijection between Jord(if >) and Jord(if), which sends 
(p, A^,B^, C>) to (p, A, B, C) satisfying - A = - B ^ 0 and C» = C- 

Suppose (V’>) >V>>) dominates (if, >^) with both orders satisfying condition (V), and has discrete 
diagonal restriction, we have 

(5-1) Tty = °(p,Tfi,C)eJordty) J ac (p,A > .£ > ,£)i-typ,T£,C) 7r V , » 

where the composition is taken in the decreasing order with respect to >^. Note if the condition (' P ) is 
not satisfied, this may not be true. To describe the Jacquet functor in (15.ID . we consider the following 
generalized segment: 

cb» ... c(B + iy 

CA» ••• C(t1 + i)_ 


(5.2) 


X TpA,b,q 
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Then the Jacquet functor in (15.11) means applying Jac^ consecutively for x ranges over A B ^ from 
top to bottom and from left to right. Now it is clear how to define 9mw(' 1 P)- We first choose an order 
satisfying condition (V), and then choose a dominating parameter ip^, with discrete diagonal restriction 
and natural order. We define Omw idP) to be the one induced from through the Jacquet module. 

The upshot is 9mw(4 > ) on ly depends on the order >^, but not on the dominating parameter This is 
explained in |MW06| . and one can also see this when we derive the formula for 9mw (VO /&w (VO • 

Suppose ip € 'F(G') and we fix an order >^ on Jord(ip p ) satisfying ( V ), then we can define a set 
Z mw/w (VO °t unordered pairs of Jordan blocks from Jord(fi p ) as follows. 


Definition 5.2. A pair {(p,a,b),(p',a',b') G Jord(ip p )} is contained in 2■mw/w{ % P) if and only if P = p', 
and it is in one of the following situations. 

(1) Case: a, b are even and a ', b' are odd. 

Ca',b' = -!=>• {p, a, b ) > </, (p, a', &'), a > «'• 


(a) If C a ,b = -1 and 


Ca’b' — +1 (2 > Cl . 


, . J (p,a,b) >,p (p,a',b') =>- a' > a,b> b’. 

(b) If C a , b = C a ',v = +1 and \ ) 

( ( p , a, b) <^ ( p , a , b ) a > a , b > b . 

(2) Case : a is odd, b is even and a' is even, b' is odd. 

C a',b' = -1 =k 0, a, b) >^ ( p , a', b'),a < a'. 


(a) If C a ,b = -1 and < 


> ,1 O j (p,a,b) >p (p,a',t/) => a < a 1 

C a',b' = +1 and \ 

I (p, a, b) <p ( p , a',b) => a> a'. 


j (p,a,b) (p,a',b') => a < a',b > b'. 

(b) If Ca,b = Ca',v = +1 and < t / u\ / , ,, 

I (p, a, b) (p, a , b ) => a > a , b > b . 


Theorem 5.3. For ip € J) '(G), fVv/iu (VO(VO = (— 1 )\ Zmw /wW\ - 


Proof. By our definition it suffices to prove the theorem for ip = ip p , so we will assume vp = ip p from now 
on. The proof we give here is incomplete for we will need to refer to ( JMW06] . Section 5) for several 
ingredients. First, we would like to assume this theorem for ip having discrete diagonal restriction and 
natural order, and we refer interested readers to ( [MW06] . Theorem 5.6.1). Secondly, we need to use the 
“unipotent normalization” 9jj(ip) introduced in ( |M WOO] . Section 5), and we will recall two of its most 
important properties as follows. 

The first property of Oupip) is parallel with a similar property for the Whittaker normalization 9\y(fi). 
Let ( p , A, B , () E Jord(ip), and we get V>» simply by changing ( p , A, B, ()) to (p, A^.,B^, £) with —A = 
— B ^ 0 and C» = £. Suppose = Jac® p B ^ a b w ibh. an action 9{fi) induced from 

some Then if ( = — 1 and 0(V>») = 9w(P^>), then 9(ip) = $ve(V 0) if C = +1 and 9(ip^ > ) = 9u(ip^>), 

then 9(ip) = 9u(ip) (see [MW06] , Proposition 5.4.1). 

To state the second property, let us define Z(ip) to be the set of unordered pairs {(p, a, b ), (p, a', b 1 )} 
in Jord(ip p ) such that sup(b,b') and sup(a,a') are both even, and inf(b,b') and inf (a, a') are both odd. 
Then we have 9w('ip)/9u(ip) = (—l)l^(V , )l ( see |MW06j . Theorem 5.5.7). 

Now we can start the proof. Let us index the Jordan blocks in Jord(ip) according to the order >^,, 
i.e., ( pi,ai,bi ) >^p (pi-i,cii-i,bi-i). And we assume Jord{ip) = {(p*,a;, bi)} l i=1 . Let be a dominating 
parameter with discrete diagonal restriction and natural order. Then we can also obtain ip k from ip^, 
by changing (p*, a> i j, &>,*) to ( pi,ai,bi) for 1 ^ i ^ k. In particular, we can set ip° = ip^,. Let Jac fc := 
Jac< (Pk,a >>}k ,b >>}k )^(p k ,a k ,b k )- Then we h ave the following sequence: 


Jac 1 Jac fc Jac fc+1 Jac* 

— ^"'0° ^ ^ ^ ^ 'K'lp 1 — 'TT'0* 


From the properties of 9widP) and 9jj('f>) that we have recalled above, we can compute 9Mw(' l P k )/9w(dP k )- 
If Ck = -1, we have 9 M w(tp k )/9w(^ k ) = 9Mw(tp k ^ 1 )/9w{^’ k ~ 1 )- If C k = +1, we have 

9Mw(ip k )/9w(i’ k ) = 9Mw('ip k )/9u(ip k ) • 9u('tp k )/9w('ip k ) = 9Mw(i’ k ~ 1 )/9u('^p k ~ 1 ) ■ 9u(i’ k )/9w(ip k ) 
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= OMw{^ k 1 )/Ow(i’ k x ) • Ow(^ k l )/0i /(V’ fc x ) • Ou{^ k )/Owi^ k ) 

= Omw^/Ow^- 1 ) • (-l)l^- 1 )! • (-l)l^)l. 

Moreover, let Z k {^ k ^ 1 ) (resp. Z k (^ k )) be the subset of pairs in Z(i/j k ^ 1 ) (resp. Z(ili k )) containing 
(Pfc,a»,fc,&»,fc) (resp. (pk,a k ,b k )), then 

#A iw{^ k )/0w{^ k ) = 0.Mwi'lpb- 1 ) /^lu(V ;fc_1 ) • (-1)^^ )\ + \ Z M' )l 

= WWO/MV’* -1 ) • (-i)i(^(^- 1 ) u ^^ fc ))\(^(^- 1 ) n ^w fc ))i, 


where we identify (p*., o>,fc; with (p k ,CL k ,b k ) in taking the intersection and union. To simplify the 

formula above, let us denote by -2Y(Y> fe_1 , ip k ) the set (^(Y^ -1 ) U Z k {^ k ))\{Z k (^j; k ~ l ) FI Zk(ty k ))- 

The proof is given by induction on k. So let us assume the theorem is valid for fbv/vv(V ; fc)/$tv(Y , fc) with 
0 ^ k ^ s. Note when k = 0, this is our assumption at the beginning. We need to prove the theorem 
for k = s + 1. According to our formula, we need to divide into two cases with respect to the parity of 
a<j + i + b s+ 1 - Here we will only treat the case when a s+ i + 6 s+ i is even, while the other case is similar. 
Let p = Ps+i- From our previous discussion, we have 


0mw(^ s+1 )/0w (V’ s+1 ) 


if Cs+l = —1) 

0 M w(r)/0w(r) • (-i)l^+i(^.^ +1 )l, if C s+1 = +1. 


We first consider the case when £ s+ i = —1. Suppose {(p, a> jS +i, 6», s +i), (p, a, b)} belongs to Z MW / W ('tp s ). 
then by our definition we are in one of the following situations. 


(1) If {Pi &>,S+l) >p s iPi a jb), 

(2) If (p, a> )S+ i, 6> iS+ i) < r ( p,a,b ), 


a> )S _)_i even; a, b odd => a> )S+ i > a. 
a> iS+ i odd; a, b even => impossible. 

a >, s +i even; a, b odd =4> a >iS+ i > a,(a,b = +1- 
a >, s +i odd; a,b even =4> a >iS+ i < a,( a ,b = -1- 

Note a> iS+ i = a s +i, so in all the situations we have {(p, a s +i, b s+ 1 ), (p, a, b)} belonging to Z MW / w (-ip s+1 ) 
as well. In the same way, one can show 

{{p, a«+i) ^s+i), (p, a, b)} € Z MW / W {^ S+1 ) => {(p, a >)S+ i, &», s +i), (p, a, 6)} € Z MW / W (pp s ). 

This means our formula is valid for k = s + 1 in this case. 

Next we come to the more difficult case Cs+i = +1. Similarly, we first suppose {(p, a> iS +i, 6>, s +i), (p, a, b)} 
belongs to Z MW / W {^ S ), and we will be in one of the following situations. 

a»,s+i even; a, b odd =4> a >)S+ i < a, 6>, s +i > b. 

{ ®3>,s+l ^ Ca,b L 

a »,s+l < a i &»,s+l < b,(a,b = +1- 

( a >)S+ 1 even; a, b odd =» a >)S+ i > a, 6>, s+ i > b, C a ,b = +1. (* - 1) 

{ ®3>,s+l ^ Ca,b — !• 

a»,s+l > a i &»,s+l < b, Ca,b = +!•(* — 2) 

Note a s+ \ < a >;S+ i and 6 s+ i = 6> )S+ i, so {(p,a s+ i,b s+ i), ( p,a,b )} G Z MW / W (if; s+1 ) in all the situations 
except for (* — 1) and (* — 2) with the additional condition a s +i < a. It is easy to check in the exceptional 
cases, either {(p, a >jS+ i, 6> )S+ i), (p, a, b)} or {(p,a s+ i,b s+1 ), (p,a,b)} belongs to Z s+ i(^ s , ^ s+1 ). 

Conversely, if we suppose {(p, a s +i, b s+ 1 ), (p, a, 6)} belongs to Z MW / W ('t/; S+1 ), then we will be in one of 
the following situations. 

a s+ 1 even; a, b odd => a s +i < a, b s+ 1 > b. (* — 3) 

f &s+l < O) Ca,fe = 1- (* 4) 


(1) If (p, a> )S +i, &»,s+i) >p s (p, a, 6),< 


(2) If (p,a >)S+ i,6 >jS+ i) <p» (p,a,6),< 


a> iS+ i odd; a, 6 even 


a> iS+ i odd; a, 6 even 


(1) If (p,a s +iA+i) >p*+i (p, a, b), < 


a s+ i odd; a, b even 


|a s+ i < a,b s+ i < b,(a,b = +1- (* - 5) 
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(2) If(p,a s+ i,6 s+ i) <^+i (p,a,b), < 


a s+ i even; a, b odd a s+ i > a, b s+ 1 > b, ( a ,b = +1- 

,, , ja s+ i < a,Ca,fe = -1- (*~6) 

a s+ i odd; a, o even => < 

^Os+l > a, b s +i < b, Ca,b = +1- 

We find {(p, a» iS +i, 6>, s +i), (p, a, &)} ^ Z MW / W (4> S+1 ) only for (*-3), (*-4), (*-5), (*-6) with the ad¬ 
ditional condition a> iS+ i > a. Again, it is easy to check in these cases, either {(p, a>,. s +i, &>, s +i)j (p, a, b)} 
or {(p,a s+ i,b s+ i),(p,a,b)} belongs to Z s+1 (if s , fi s+l ). 

Finally, it suffices to figure out the set Z s+ i(i/j s , ip s+1 ), and show it consists of exactly those pairs that 
we have encountered in (* — l)-(* — 6) with their additional conditions respectively. So let us suppose 
either {(p, a >)S+ i, 6>, s +i), (p,a,b)} or {(p,a s+ i,b s+ i), (p,a,b)} belongs to Z s+ i(ip s , ip s+1 ), and we list all 
the possibilities. 

(1) If (p, a >)S+ i, &», s +i) >^s ( p,a,b ), 
a», s +i even; a, b odd a >)S+ i > a > a s+ i,&»,s+i > b. 

® ^ ®s+l)^3>,s+l ^ Ca,b — “hi- 

®S > ,s+l O' ^ ®s+l i ^3>,s+l ^ b, Ca,b — 1- 

(2) If (p,a», s+ i,6>, s +i) <^ ( p,a,b ), 
a>, s +i even; a, b odd a >)S+ i > a > a s+ i,&»,s+i > b. 

1 ^ ® ^ ®s+l)^3>,s+l ^ b, Ca,b — “hi- 
®'S > ,s+l O' ^ ®s+l i ^3>,s+l ^ Ca,6 — 1- 

Note each case here corresponds exactly to one of (* — l)-(* — 6) with the required additional conditions, 
as we indicate on their right. This finishes the proof. 

□ 


a> iS+ i odd; a, b even 


a> iS+ i odd; a, b even 


(* — 3) with a> iS+ i > a 
(* — 5) with a> !S+ i > a 
(* — 4) with a> iS+ i > a 

(* — 1) with a s+ 1 < a 
(* — 2) with a s +i < a 
(* — 6) with a> iS+ i > a 


Remark 5.4. There is a slight difference between our definition of Z MW /wi'fi) (also Z{fi)) and that in 
|MW06] . namely they use ordered pairs rather than unordered pairs. Moreover, this theorem slightly 
generalizes the formula in [MW06] in the sense that we only require satisfies (V). 

We would also like to see the effect of Moeglin-Waldspurger’s normalization on the parametrizations of 
representations inside Arthur packets. To do so, we need the following definition. 

Definition 5.5. For € 'k(G') and ( p,a,b ) € Jord(fi p ), Z M w/w(fi>)(p, a ,b) '■= {(p', a '?b') £ Jord(ip p ) : 
the pair of ( p,a,b ) and ( p',a',b') lies in Z MW / W (fi>)}, and e^ W ^ W (p,a,b) := (— l^\ z Mw/wW(, P ,a,b)\ m 

Proposition 5.6. Suppose if € 'k(G') has discrete diagonal restriction. 

(1) £ ™ w/w g S^° and e$ W,W {s$) = OmwW/OwW- 

(2) If we write irMwidfit) ■= 7T w(‘ l P,E^p W ^ W ) fore £ Sthen the character identities in Theorem \4-.l\ 
can be rewritten as follows. 

(a) Let 

/Aflu(V’) ■= ^ £{sip)fG(nMw{f>,£))i f £ liiG). 

Then 

(5.3) /mw(V’) = / 'n<>,mw (t>), f £ C%°(GL(N)). 

(b) If s £ S^p and (H,i/jh) then we can define a stable distribution fMw{^H) on H as 

in (a), and the following identity holds 

Imw^h) = ^2 £(ss^)f G (TT M w('ip,£)), f S H(G). 


(5.4) 
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Proof. For part (1), we have 

jj e ^w/w^ pah ^ = jj (_ 1 )|% ff/ wW (Pi a, i) | 

(p,a,b){iJord(ilj) (p,a,b)^Jord(ilj) 

= (^ — \^l(p,a,b)&JorcH^)\ Z MW/wi.i’)(p,a,b)\ _ (^_\fA Z MW/W (4>)\ = ; 


and hence £ ^ w ^ defines a character of 5?°. To compute £ ^f w / w (s^,), let us recall 


s^(p,a,b) = 


— 1, if b is even, 
1, if b is odd, 


for ( p,a,b ) € Jord(i/j). Then 
MW/W 


= n 


MW/W 


(p, a, b) = ( — 1) b is even 


£( p,a,b)eJord(i/j) \ Z MW/w(i>)(.p,a,b)\ 


(p,a,6)G Jord(-i/>) 
b is even 


= = e MW {^)/e w {if). 


Now we consider part (2). First by definition we have for / € ~H(G) 

ImwW = Y ^( s ^)/G(7i‘Miu(V’,e)) = Y i ( s ^)fG( 7J 'w('ip,^ W/W )) 

£G«S^, £G«S^ 

= X] ^ W/W ( s i>)fG(‘irw(fP,£)) = Y z( s i’) i ^ W/W ( s i’)fG(.nw('tp,£)) 

£G«S ijj E^S^p 

= z § W/W (h) Y ^vO/g^w^A)) = e^ W/W (sip)fwW- 

edzSijj 

Combined with part (1) and (14. IF we then get 

ImwW = ^mwW/^wWIno ,vu( 7r V’) — /iv s ,Miu( 7r V') 
for / € C£°(GL(N)). Next, for any s G and (H^h) —> let = ipi x ifu (see Example 13. IF 

Then by (14.2|) we have 

etzS^p 

Also note the right hand side of (|5.4I) is 

RHS = Y ^( ss ^)f( 7r w(^,^ W/W )) 

EdiSiP 

EdiSiP 

= -MW/W( gs ^ ^ e(ssip)f( tt w (iI>,£)), 


and the left hand side of H53D is 

LHS = 4Y /W Mfw(^ H )> 

, j MW/W MW/W „ MW/W r, rn , 

where s^p H = s^j x and e^ h = <g) £^ JII . bo it suffices to show 

-MW/W, x -MW/W / x 
( S ^h) = ^ ( s ^)‘ 

Moreover, by using part (1) this equality can be reduced to 


( 5 . 5 ) 


£^ W / W (s) = 0 M w{^h)/0w{^h) ■ OmwW/OwW, 
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where 

Omw{^h)/Gw{^h) = W (^/)/^ w (^ i ) • 8mw{iPii)/6w(iPii)- 
To show (| 5.5 [) . one considers the partition Jord(if) = Jord + U Jord- (see Example 13.11) . Then 


-MW/W 

£ 'l> 


(*) 


(—l) m 


where 

m = tt{{(p,a,6), (p,a,b')} £ Z MW /w{A) ■ {p,a,b) £ Jord + , ( p',a!,b ') € Jord_|. 

By Theorem 15.31 we can write the other side of (15. 5 j) as (— i'j\ z mw/w('<P)\-\ z mw/w(4’i)\-\ z mw/w(^ii)\^ anc j 
hence the validity of (|5.5j) is clear. 

□ 


For if = i/j p £ \H(G), we fix an order on Jord{ if) satisfying condition (V). We also choose if^, 
dominating if with discrete diagonal restriction and natural order. We identify <S^ with and then 

s i> = • F° r £ ^ <£</>> > we define 

(5-6) ■= 0 (p,A,s,c)eJord(V’) Jac (p,^»,s»,C)^(p,^,s,C) 7r Afiu(^>,e), 

where the Jacquet functor is defined as in (15.2H and the composition is taken in the decreasing order. For 
these 'H(G)-modules, we have the following proposition. 


Proposition 5.7. Suppose if = if p £ ^(G), and >^ is an order on Jord(if) satisfying condition (V). 
Suppose has discrete diagonal restriction and dominates if. Then 

(!) e™ W/W £ and e ™ w l w ( s >) = d M widf)/Ow{if)- 
(2) For e £ S ^>, 




7r Miu(V , ) e) = 


K w(dl>, 

[ 0 , 


— MW/W \ 


££. 




_ mw/w ^ jr 

if££^ 

otherwise. 


Proof. The proof of part (1) is the same as that in Proposition 15.61 So we will only show part (2) here. 
For s £ S^>, we denote its image in again by s. Let 


n^fWisW^) = ^ £ ( ss 4’^) 7T Mw(i>^>,£), 
H-w,sW = ^2 e( ss V') 7r tu(V ; ,e)- 

eG«S^ 


It follows for e G 


Suppose (H^./ifjHy 
have 


7T MW(l/>^>,£) = 


£ ( ,s b>) 


y: e(s)nMiu,s(i/ , >)- 


•sGS, 




(^>,s) and (H,ifn) ("0? s )•> then dominates ifn- By (14.21) and (15.41) we 


(5-7) 0 (p,A,S,C)eJor<i(i/') Jac (p,A 2> ,B > ,C)M'(/9,A,B,C)nMIU,s(V J >) = 0 MW {'f) h) /&W {if H (n^s^). 

Analogous to (15.51) . one can show 

0Mw{i>H)/0w{^H) = £^ W/W (ssff). 


Therefore 


^Mw{if,£) 



J2 £( y s )22 w/w 

s £$tP> 
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We rewrite it as 


_ MW/W, >x 

/, MW/W \ ££ ib \ S ib) \ _ MW/W / \ -MW/W, >Nfv /,\ 

7 T M wW,ee^ ) =-^—j- X £ A ( S )A ( ss ^) n ^w 


sG«S 


"0 •" 


f(fj) 


X e(s)n W , s (ip)- 




Note II w,s(dP) only depends on the image of s in 5^,, so 

r i-yi 

X] f ( s ) n W>(V0 

S &A> 

„> 


_ , is^r e(s)rW0), if £ G «%<> 


0 


0, 


otherwise. 


If s G «S0, then e(s^) = e(s^), and it follows that 


7T Mw(A e A 


_ MW/W\ _ e ( s t/j) 


IXI 


X £ ( s )llvu,s(0) = TTw(lp,£)- 


sGSm 


If £ ^ S^, ttmw^i ££^ W / W ) = 0. This finishes the proof. 


□ 


In general, for 0 G 'F(G'), we define 


for e G Ap. Since 

for £ G A/m we again have 


TMw(A £ ) = ^ip nv * 7r Mw{4’p,E), 
nw(il>,e) = 7I>„ P X tt w(ipp,£) 


e) 


[tTw(0 , 

1 °. 


_ MW/W \ 

£ A ) 


..._ MW/W ^ e 

if ££^p G A/m 

otherwise. 


The main purpose of introducing Moeglin-Waldspurger’s normalization is that one will have a recursive 
formula for f N e M w ( 7r V’) with 0 G 'f'(G) having discrete diagonal restriction. Here we will occasionally 
write 7r(0) for To introduce the formula, let us fix (p, a, 6) G Jord{% p) such that inf(a,b ) > 1. Recall 
we also put A = (a + 6)/2 — 1, B = |a — 6|/2, and C = Ca,6 = Sign(a — 6) if a 7^ 6 and arbitrary otherwise. 
Then it is the same to require A 7^ B for the fixed Jordan block. Let ip' be obtained from ip by removing 
(p, a, b). Then we can define an element in the Grothendieck group of representations of GL(N) as follows. 

7r (V’)(p,A,B,c) := ®Ce]s,A] (“l)" 4 ° (B, • • • , — C C > xJac^ (jB+2)i ... jCC 7r(0', (p, A B + 2, C))x < (C, ■ ■ ■ , 

® (-1) [(j4 - S+1)/2] tt( 0', (p, A R + 1, 0, (p, B, B, 0). 


We impose the normalized actions of Moeglin-Waldspurger on 7r(0', (p, A B + 2, £)) and Tr(tp', (p, A L> + 
1, £), (p, B, B, 0), and we denote the resulting action on 7 r(V0(p,A,B,c) by 0Mwi/^)(j>,A,B,(/)- The next 
theorem shows the relation between 7 r(V0(p,A,B,£) and AVO- 

Theorem 5.8. Suppose ip G 'F(G) /ias discrete diagonal restriction, then 

fN e ,Mw( 7 T i’) = fN e ,Mw( 7 T (' l l J )(p,A,B,o)- 

The proof of this theorem (see M WOlil 1 involves some complicated computations of Jacquet modules, 
and it is fair to say that Moeglin-Waldspurger’s normalization is somehow artificially made for this theorem. 
This theorem has an immediate consequence on the Arthur packets for G. 

For ip G d'(G) having discrete diagonal restriction, we write 

(5.8) S mwW ■= X ^( s ^) 7r Mw{'4’, e)- 

£G«S0 


C B> 
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Then we have the following proposition. 

Proposition 5.9. Suppose ip £ ’F(G) has discrete diagonal restriction and we fix (p,A,B,(f) £ Jord{ip) 
such that A > B, then 

5wW = ©Ce]R,A] (“l)" 4 ° < (B, ■■■ , —C C > XI Jac c(B+2)) ... , (p> A B + 2, £)) 

© (_l)[(A-B+l)/2] nw (^/ > (p) A, S + 1, C), (P, 5, 0), 

where ip' is obtained from ip by removing {p,A,B,(f). 

Proof. This proposition follows easily from Theorem 15.81 and the twisted character relation (15.31) . together 
with the compatibility of the twisted endoscopic transfer with parabolic inductions and Jacquet modules 
(see jXu!5j . Section 6). □ 

From this formula, one can see the case of parameters with discrete diagonal restriction can be reduced 
to the case of elementary parameters. Later on, we will give a recursive formula of Moeglin for ir mw{iPi £), 
or more precisely for ttm('<P, e) (see Section [7] for its definition), in the case of discrete diagonal restriction 
again, which is clearly motivated by the formula here. But in order to give Moeglin’s formula, we need to 
first study the Arthur packets for elementary parameters. 

6. Elementary Arthur packet 

Let us recall ip £ T(G) is elementary if ip o A € 4*2 (G) and A = B for all (p, A, B , () £ Jord(ip). And 
we have the following theorem about elementary Arthur packets due to Moeglin [M oe g06b| . 

Theorem 6.1 (Moeglin). Suppose ip £ 'F(G) is elementary, then n\y(ip,£) is always nonzero and irre¬ 
ducible. Moreover, irw(ip,£) / irwiip,^) if £ ^ e'■ 

The main difficulty of this theorem remains at proving certain generalized Aubert involution (see Sec¬ 
tion 16.21) would take irreducible representations viewed as "H(G)-modules in elementary Arthur packets 
to irreducible representations viewed as %(G)-modules up to a sign in the corresponding Grothendieck 
group. But this does not admit a direct approach. So instead, we will follow |Moeg06bj | to construct sys¬ 
tematically a class of representations which generalizes the construction of discrete series representations 
of Moeglin and Tadic (see |MT02] and also {Xul5] . Section 10). This class of representations will form 
the candidates for elements in the elementary Arthur packets. In fact, what Moeglin constructed are rep¬ 
resentations of G s °, but we can then take the irreducible representations of G viewed as H(G)-modules 
defined by their restriction to G. The point is it is easier to show the generalized Aubert involution 
preserve this class of representations of G s ° and also their irreducibility. In the end, we are going to show 
the corresponding 7^(G)-modules are really elements in the elementary Arthur packets. 

First we need to define parabolic induction and Jacquet module on the category Rep(G s °) of finite- 
length smooth representations of G So . Let P = AIN be a standard parabolic subgroup of G. If M 
is Po-stable, we write M s ° := M x So- Otherwise, we let M s ° = M. Suppose cr s ° € Rep(M So ), 
7r s ° € Rep(G s °). 

(1) If M e ° = M, we define the normalized parabolic induction Indp S °cr i:o to be the extension of the 
representation Indp(<7 S °|jv/) by an induced action of So, and we define the normalized Jacquet 
module JacpE 0 7r s ° to be the extension of the representation Jacp^^lc) by an induced action of 

S°. 

(2) If M d ° ^ M, we define the normalized parabolic induction IndpEoCr s ° to be Ind§ E °Indp(<T S ° \m), 
and we define the normalized Jacquet module Jacps 0 7r s ° to be Jacp(7r s °| g). 

It follows from the definition that 


And 


(JacpE 0 7r s °)| M = Jacp(vr s °| G ). 
(IndpE°cr So )| G = Indp(<7 S ° \m), 
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unless G is special even orthogonal and A/ s ° = M, in which case 

(Ind^EoO- s °)| G = Indp(cr So \m) © (Ind^(fT So |m)) 0 °- 
We can also dehne Jac^ on Rep(G E °) as in the introduction. 

6.1. Construction of a class of representations. The construction of Mceglin is by induction on 
the rank of the groups and it depends also on certain so-called basic properties, which have to be 
established at the same time again by induction. So let us assume for G = G(n') with n' < n and 
elementary i/j £ 'P(G), the irreducible representation Tr s °(ip,£) of G s ° is well defined and distinct for 

F (z c s o 

Let b Pt ^ t£ £ Jordpfyd) be the biggest integer such that £ is “p-cuspidal” for Jordp tCUS p(4>) ■= {(/?, ct, 5 a ) £ 
Jord p (fi) : a ^ b p ^ }£ }, i.e., 

(1) if ( p,a,5 a ) £ Jord PjCUSp (ip), then (p, a - 2,S a _ 2 ) G Jord PtCUSp (i/j) as long as a - 2 > 0; 

(2) if (p, a, d a ), (p, a- 2, 5 Q _ 2 ) £ Jord P)CUSp (fi), then s(p, a, d a )£(p, a - 2, d a - 2 ) = -1; 

(3) if (p, 2, <5 2 ) £ Jordp :CUSp (i/)), then e(p,2,6 2 ) = -1. 

We allow b Pt1 p t£ to be zero. Let a p ^ j£ £ Jordpfyd) be the smallest integer such that a Pi ^ )£ > & Pi ^ i£ , and 
let (i P] ,^ e be the associated sign. If such a P) ^, e does not exist, we say a p ^ e = oo. 

Along with our assumption on the existence of vr s °(^, e), we also assume they satisfy the following 
basic properties. 

Basic Properties ( |Moeg06bj , Section 2.3): 

(1) (Jacquet module): If Jac p ||z7r So (r p,e) 0, then there exists fe Pi ^ >e < a £ Jord p (fid) such that 

x = 5 a ot. 

(2) (Non-unitary irreducibility) : For x ^ 1/2, if 2x — 1 ^ Jord p (fi>d) U {0} or 0 < x ^ (b P ,ip,e — l)/2, 
then p\\ x xi 7r s ° (ip,£) is irreducible. 

(3) (Unitary reducibility) : Suppose Jord p (fid) contains odd integers. Then xi 7r s ° (-0, e) is irreducible 
if 1 £ Jord p (^d), and is semisimple of length 2 without multiplicities otherwise. Moreover, let 
cr s ° be an irreducible subrepresentation of p xi 7r s °(^,£) in both cases, then p x • • • x p xi cr s ° is 
irreducible. 

Remark 6.2. Property (1) is proved in ( |Mceg06bl , Section 2.5); Property (2) is proved in ( |Moeg06bl , 
Section 2.7). In the tempered case, Property (1) can be deduced easily from ( |Xul5] . Lemma 9.2). 
But, the general proof of Property (1) depends on Property (2). Property (2) is not obvious even in 
the tempered case, and its proof in the tempered case is more or less the same as in the general case. 
A fundamental case of Property (2) is when 7r s ° (fi,£) is supercuspidal, and that follows from ( jXu!5j . 
Corollary 9.1) (cf. Proposition 11.611 . Property (3) is proved in ( |Mceg06b| , Section 2.8) without assuming 
any unitarity results of Arthur, and in the tempered case it follows easily from Arthur’s theory. 

Based on our assumptions, now we can give the construction for e). 

Definition 6.3. Suppose £ , F(G(n)) is an elementary parameter and £ £ <S E °. 

(1) If a p ^ }£ = oo for all p, then let {(j) cusp , £ CU s P ) ■ = ('0d, e), and we define 7r s °('0, e) to be T^(fi cusp , £ C us P ) 
in Theorem 14.31 which is supercuspidal by ( {Xul5| . Theorem 3.3) (cf. Theorem 11.41) . 

(2) If a, p . t p e > b p ^ i£ + 2 or b Pj7 p )£ = 0, we define 

7T E ° (l /}, e) ^ p||'UV’,e( c W,e~ 1 )/ 2 x| TT^° ['l/j', £ f ) 

to be the unique irreducible subrepresentation, where (ifi, e r ) is obtained from (t/>,£) by changing 

(.Pi a p,ip,ei bp,i!>,e) f° (Pi a p,il>,e ~ 2, Sp t ^, t£ ). 

(3) Ifo p ,^ ,e = b p ^ t£ + 2, we need to divide into three cases. 

(a) If Jordpfifid ) contains even integers and b p ^ i£ 0, then we define 

7T °('i/>,£') dp,■>/>,£ (o-p,?/>,£ — l)/2, 1 dp t i/j t£ l/2 > XI7T 0 (l/>—, £—) 
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to be the unique irreducible subrepresentation, where (i/j-,£-) is obtained from (V',e) by 
removing (p,a P) ^ )£ ,S p ^ >£ ), and changing (p,a,S a ) to (p,a,-S p ^ )£ ) with 

£—{Pi ot-i 3 p ,ip,e) e(p,a,S a ) 

for all a ^ b p ^ ;£ . Moreover, 

7T 0 (f/^, £■) ^ p ,ip,£(d p ^,e — l)/2j ; ~^p,il),e{bp,tp,£ ~l)/2>XI7r 0 (l/> , £ )■ 

where (ip',e') is obtained from by removing a p ^ >£ and b p ^ £ from Jord p {ij)d). 

(b) If Jordpfyd) contains odd integers and b Pj ^ j£ ^ 1, then we define 7r s °('0, e) to be the unique 
common irreducible subrepresentation of 

^ ^p, •)/),£ (.^pjtpfE l)/2> J 0 X7T °(jp— J £ — ) 


and 

^ ^p,i/),e( a p, ip,e l)/2; j — 'b p ,ip t e{b Pj jjj j£ — l)/2 > X7T 

Here (ip',£') is obtained from (^,e) by removing a Pj ^ i£ and b p ^ £ from Jord p (^); (^_,e_) 
is obtained from (^, e) by removing {p,a p ^ ;e ,d p ^ ;£ ) and (p, l,5i), and changing (p,a,d Q ) to 
(p,a, -S p rf i£ ) with 

£—{p,CKi ^p,ijj,e) = ^(PjT^ct) 


for 1 < a ^ b pp j, j£ . 

(c) If a p ^ i£ = 3, = 1, we have ('*/’-,£-) = ('<//, £ r ) in the notation of ( b ). By Property 3, 

cr s ° = p x 7 r So ('i/) , ,e / ) is semisimple of length 2 , and hence we can write <r s ° = vr^° © 7T^° 
according to the following two cases. 

(i) When Jord p {^d) only contains 2 elements, we fix arbitrary parametrization in <r s °, and 
we define 7 r s °(V’,£) to be the unique irreducible subrepresentation of pH 53 X 7 r^°, with 

C = e(3)<5 3 . 

(ii) When | Jord p {^d)\ > 2, i.e., a p ^\ £ ' 7 ^ 00 , we can specify the parametrization in cr So 
as follows. Let (ijj",£") be obtained from (?//, e') by changing {p,a Pj ^i )£ i,6 Pi ^i !£ i) to 
(p> 1 , ^p,ip',E')- Let 

n^° = px < 6p^',e'(ap^',e' - l)/2, - - - ,8 p ,v, £ ' > xvr So (^",£"), 
of 0 =< S p ,4,',E'{a p ^', £ ' - l)/2, ■ ■ ■ ,0 > X7r s ° (/',£"), 

and 

v s ° < pX < b P j i/>',e' p,ij)', e' 1)/2j i^p,ip', e' ^ X7T 0 (l/’ ,£ ). 


There is an exact sequence 


0-> of 0 -7 n s °-> -> 0 . 


We set 7r^° = cr s °n(s.s.fT^ 0 ) and 7r s ° = cr s ° D (s.s.erf 0 ). Then we define 7r s °(^,£) to be 
the unique irreducible subrepresentation of p|| 5s x 7r^°, with £ = £(a Pt ^^ £ i)d p ^ )£ t£(3)5^. 
Under such choice this parametrization is compatible with Arthur’s parametrization of 
discrete series representations in the case i/; = ip r j, (cf. Proposition 11.51 and also [Xu 15] , 
Proposition 9.3), and it also satisfies Theorem 16. 101 


Remark 6.4. The uniqueness properties in the construction should follow from the property about Jacquet 
modules, i.e., Property (1). The parametrization of representations of G s ° in this construction is not 
uniquely determined due to the choices we make in Step (c - i). To fix this one can use the (twisted) 
endoscopy theory. In the tempered case, there are unique choices to be made here so that this parametriza¬ 
tion is the same as Arthur’s (cf. Theorem 11.31 and also [Xul5j . Theorem 2.2). In the nontempered case, 
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we can fix the parametrization by that in the tempered case through the generalized Aubert involution, 
and we will denote such parametrization by 7r^° (fij, e) later on. 

In the next few sections, we would like to show TLj, consists of %(G)-modules obtained from restriction 
of 7 r s ° (■!/>,£) for e G <Sp° ■ To do so, we will introduce two kinds of generalized Aubert involution operators, 
one on the Grothendieck group of representations of G s ° (similarly also for representations of G viewed as 
'H(G')-modules), and the other on that of GL(N)x\ < On >. We will start with G s ° following ( |Moeg06b| , 
Section 4). 


6.2. Aubert involution for G s °. Let us fix a positive integer Xq and write xq = (Xq — l)/2. We also 
fix a self-dual irreducible unitary supercuspidal representation p of GL(d p ). We denote by Vf° the set of 
£ 0 -conjugacy classes of standard parabolic subgroups P of G whose Levi component M is isomorphic to 


( 6 . 1 ) 


GL{a\d p ) x ■ ■ • x GL{aidp) x G(n — a,id p ). 


Here we also require G(n — X^ie[i /] a i d P ) <50(2) when d p ^ 1. Let Am be the maximal split central torus 
of M . For P G V^° and <t s ° G Rep(M s °), we denote by <r<° 0 the direct sum of irreducible constitutes of 
a whose cuspidal support on the general linear factors consist only of p\\ x with \x\ < xq. In particular, 
when G(n — z] a i d P ) = 50(2) = GL( 1), we also impose this condition on G(n — /] a i d P )- 

We define the generalized Aubert involution for G s ° with respect to (p, Xq) as follows. For any 
7T S ° G Rep(G s °), 

inv <x 0 (7T So ) := ^ (-l)* mj4M Ind^° (Jac P E 0 (vr So ) <a;o ), 


where 


Jac P E 0 (7T S °) 


JacpE 0 (7r s °) <g> ujq, if G(n - aid P ) = SO ( 2 )> 

JacpE 0 (7r s °), otherwise. 


Analogously, we can dehne inv^x 0 if we change all strict inequalities to inequalities here. Just as the 
usual Aubert involution, we have the following result. 


Proposition 6.5 (|Moeg06b], Proposition 4). inv < x 0 is an involution on the Grothendieck group of 
finite-length smooth representations of G s °. 


However, unlike the usual Aubert involution it is by no means clear that inv < x 0 preserves irreducibility. 
Because of this we would like to show it preserves irreducibly at least for the class of representations that 
we have constructed in Section nm The key ingredient of showing this is the following proposition. 

Proposition 6.6 ( |Moeg06b| , Proposition 3). Let 7r s °(V’, e) be a representation defined as in Section 177771 
and let £ be an ordered multi-set of half-integers such that Vx G £, \x\ < (a Pt ^ )£ — l)/2. If 7 r s ° is an 
irreducible subquotient of x x£ £p\\ x x 7r s °(if ,e), then there exists an ordered multi-set £' satisfying 

{5'} U {-5'} = {5} U {-5}, 

such that 

7T So ^ x x &£'P\\ x xi vr s °(^,e). 

Combining Proposition 16.51 and Proposition 16.61 one can show the following theorem. 

Theorem 6.7 ( |Moeg06b| , Theorem 4.1). inv < x 0 ^°('4>,s) is irreducible with a sign in the Grothendieck 
group of representations of G s °. Moreover, the corresponding irreducible representation \inv < x 0 'x^°{fi’, e)| 
also belongs to the class of representations constructed in Section \6.1[ 
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One can also determine the sign in this theorem. Let Jord(ip,p, < Xq) = {a £ Jord p (ipd) ■ on < Ao}, 
and we define 


< X 0 ) 


( — l')\J°rd(4>,p,<Xo)\(\Jord('ip,p,<X 0 )\-l)/2 _ ^ ^ p <x ^ ( — 1 )( Q_1 )/ 2 ; 


< if Jord p (ipd) contains odd integers; 

J\a&jord(ii>,p,<x 0 )(- l ) a/2 1 if J°rdp(ipd) contains even integers. 


Proposition 6.8 (|Moeg06b|, Proposition 4.2). 


P(ip,P, < Xo)inv <Xo TT^°(ip, e) 


UaeJord^,p,<x 0 ) £ (p> SoP)\inv<x 0 ^°(ip, e)|, 

< if Jord p (ipd) contains even integers; 
\inv <Xo ir T ‘°('ip,£)\, if Jord p (ipd) contains odd integers. 


Next we want to illustrate the second part of Theorem 16.71 This makes use of a compatible relation 
between this Aubert involution and Jacquet module. To describe this relation, let P = MN be in 
and let wp be a Weyl group element in W T, °(M ) := Norm(A.M, G' s °)/M sending all positive roots outside 
M to negative roots. We can also define inv< x ° by taking the usual Aubert involution on the general 
linear factors of (16.11) . For any representation 7r s ° of G So , let Jac P E 0 <x (^°) = (Jac P E 0 ('T S °))< a; . Then 
we have 

(6.2) Jac P E 0 <;c |mn<x 0 (7r So )| = Ad(wp)\inv^x° 0 Jac P Eo i<a .(7r So )| 

for all x ^ xo and 7r s ° £ Rep(G s °) (cf. |Moeg06b| , Section 4.3). From this equality, one can easily 
conclude the following corollary. 


Corollary 6.9 ( |Moeg06b| , Corollary 4.3). Let a £ Jord p (ip ) with a p ^ t£ < a. 

(1) If ^p,xi>,e Ip,ij),£ T 2, then 

|im;< a (7r So ('0,e))| w- pIp'W.eGp.v-.e -1 )/ 2 |m'y< a (7r So (V’ / , e 7 ))!, 

where (ip',e') is obtained by changing (p,a p ^ t£ ,S p ^ t£ ) to (p,a p ^ >£ - 2 ,6 p ^ e ). 

(2) If &p,\i>,e ^p,i>,e T then 

\inv <a (-K^°(ip,£))\ -A< -5p^ >e (a p ^ £ - l)/2, ■ ■ ■ ,S p ^ £ (b p ^ £ - l)/2 > y\\inv <a (ir^° (ip', e'))l> 
where (ip',e') is obtained by removing a p ^ t£ and b p ^ j£ from Jord p (ipd). 

It is easy to see from this corollary that \inv<x Q ^°(ip-,£)\ is in the class of Section 16.11 In fact from 
here one can even describe the pair (ip%£$), which parametrizes \inv <Xo ^°(ip,£)\. 

Theorem 6.10 ( |Moeg06b| , Theorem 5). For -k^ 0 (ip, e), let ip$ be obtained from ip by changing d a to 
—5 a for all a £ Jord p (ipd) such that a < Xq, and let £& = e under this correspondence. Then one can 
make suitable choices in the construction of representation corresponding to this new pair (ip\e^) (see 
Section\6fl 1 (c-i)) such that ir 1 " 0 (ip$, e$) = \inv <Xo ^ 0 (ip,^)\- 

Let Rep(G) be the category of finite-length smooth representations of G viewed as R(G)-modules. We 
denote the elements in Rep(G) by [tt] for 7r £ Rep(G), and we call [t] is irreducible if 7r is irreducible. Let 

f Jacp + Jacp o #o, if G = SO(2n ) and M e ° ^ M, 

Jacp = < 

I Jacp, otherwise. 

We can define parabolic induction and Jacquet module on Rep(G) as follows 

Ind P [a] := [Ind P cr] and Jacp [ 71 ] := [Jacp7r]. 

Then the generalized Aubert involution inv < x 0 can also be defined for Rep(G) in an analogous way, i.e., 

inv <Xo (W) := (- 1 ) dimAMIn dp(Jacp([7r])< a;o ). 
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For 7r s ° € Rep(G s °), we have 

[(IndpEo J a CpE 0 7r^°)|(j] = Indp Jacp[7r So | G ], 


so 

[(inv <Xo 7 t S °)|g] = ^ <Xo ([vr So | G ]). 

6.3. Twisted Aubert involution for GL(N). As in the previous section, we again fix Xq, xq and p. We 
denote by V d N the set of 0jv-invariant standard parabolic subgroups P of GL(N) whose Levi component 
M is isomorphic to 

(6.3) GL(aidp) x ■ • • x GL(aid p ) x GL(N — 2 did p ) x GL(aid p ) x • • • x GL{a\d p ). 

Let Am be the maximal split central torus of M, and ( Am)o n be the group of its 0jv-coinvariants. For 
P E V° (j N and r E Rep (M), we denote by t <xq the direct sum of irreducible constitutes of r whose cuspidal 
support on x ie [i^GL(a,id p ) consists only of p\\ x with |a;| < xq. Then we define the generalized #jv-twisted 
Aubert involution for GL(N) with respect to (p,X o) as follows. For any self-dual representation n of 
GL(N), let 7r + be an extension of 7r to GL(N)x < On >, 

»4o( t+ ) : = E (-l) dim(AM)9 -Ind? L(iV) (Jacp(7r + ) <a;o ). 

We should point out inv< Xn is defined differently from that in ([ MW06] . Section 3.1). Here inv 9 < fi Xn ( 7r + ) is 
only an element in the Grothendieck group of representations of GL(N)x < On > (see |MW06| . Section 
3.2), even when we take it = However, if we only consider the #jv-twisted characters of GL(N), we 

can still get a theorem parallel with Theorem 16.101 

Theorem 6.11 ( [MW06j . Proposition 3.1). Let be defined as in Theorem \6.1fA 

f N (inv 9 / x o (tt+0/0)) = f N ^ + (^)), / € C?(GL(N) x 0 N ) 

for certain normalization of with respect to that ofn + (i/j). 

To determine the normalization of 7r + (V^) hi this theorem, we need the following proposition. 

Proposition 6.12 ( [MW06] . Lemma 3.2.2). Suppose tt + (iJj) in Theorem \6.11\ is normalized according to 
Mceglin-Waldspurger (cf. Section [5j), then the corresponding normalization of On onir + (fib) differs from 
0 mw( V ?tt ) by fi(if,p,< X o). 

The careful readers may notice this proposition is slightly different from the original result of Mceglin- 
Waldspurger, and that is due to a sign mistake in the statement of f |MW06| . Lemma 3.2.2). As a 
consequence of this proposition, we can rewrite Theorem 16.111 as follows. 

Corollary 6.13. 

(6.4) fN(inv e / Xo ( 7T+ W (Y>))) = /3ty,P, < X 0 )f N (n+ w (^)), f E C?(GL(N) x d N ) 

where ir and are normalized extensions ofn(fi>) and 7r(^) according to Mceglin-Waldspurger. 

6.4. Construction of elementary Arthur packet by Aubert involution. In the tempered case, we 
already know Tr(fij,e) is a Xo-orbit of discrete series representations (cf. Proposition 11.51 and also [Xu 15] , 
Proposition 9.3), and moreover its parametrization by {if,£) is the same as Arthur’s if we make certain 
choices in our definition of ir(ip,s) (cf. Section IfTT! (c-i)). To obtain the nontempered packet, we need 
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to use (16.41) . and show the following diagram commutes when restricting to distributions associated with 
elementary parameters. 


(6.5) 


SI{G ) 

inv <XQ 

Sl(G) 


4 I(N d ) 

1 

mv 

>I{N 6 ). 


Here SI{G ) is the space of stable invariant distributions on G , I(N e ) is the space of twisted invariant 
distributions on GL(N), and the horizontal arrows denote the twisted spectral endoscopic transfers. 
The commutativity of this diagram (under our restriction) essentially follows from the compatibility of 
twisted endoscopic transfer with both Jacquet module and parabolic induction, and we will give its proof 
in Appendix[Aj If we apply this diagram to liMwidf) (see (15.81) 1 and expand using (15.31) and (16.41) . we get 

£{s^)inv <Xo nMw{^,£)) = P{^,P,< X 0 )f N <>,Mw( 7T ('ip i )) 

= < X 0 )f G ( ^2 

where / G C£°(GL(N)), and f G G CfP(G) is its twisted endoscopic transfer. Hence 
(6.6) ^ £(s^)f G (inv <Xo TrMw(^,£)) = P(if,p, < X 0 ) ^ ^iJ/g^^^)), 

for any / G H(G). 


Lemma 6.14. 

£(s^)/e( s ^) 


n a eJard.(il>,p,<Xo) £ (P’ a ’tia), if Jord p {if d ) contains even integers, 
1, if Jord p (if d ) contains odd integers. 


Proof. It suffices to note that 

(p , OL , 6 a ) 


— 1 if a < Xq and a is even, 

1 otherwise. 


□ 


The equality (16.61) suggests we may construct the nontempered Arthur packet by applying the gener¬ 
alized Aubert involution consecutively to tempered packet. So we make the following definition. 

Definition 6.15. Suppose if £ ’L(G') is elementary, for e G S^° we define 

7r M°(^> £ ) := °( P M€Jord(i<y.6 a =-i(\inv <a \ o \inv <a \)i^{ifd,e) 

and 

TT M {lf,£) ■= °{ P) a,5 a )(zJord(xf)):5a =—1 (\inv <a \ o \inv <a \)^w{i’d,£), 
where we have Sf° = (resp. = S^p d ) by identifying Jord(if) with Jord(if d ). 

From Theorem 16.101 it is clear that TT^f(if,£) = 7r s ° (-*/>, e) constructed in Section 16.11 but with fixed 
parametrization determined by that of tempered representations (cf. Remark 16.41) . It follows from Theo¬ 
rem PI that 

(6.7) TT^{lf,££ 0 ) ^ 7r^° (?/>,£) <g> UJ 0 . 

Moreover, (if, e)\c\ = 2irM(if,£) if G is special even orthogonal and S^° = S^, or 7 TMi'f’G) otherwise. 
In particular, is irreducible. 
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Theorem 6.16. Suppose if £ 'F(G) is elementary, then 

n MwW = ^2 £(s^)Tr M (lp,s)- 

etzS^jj 

Proof. Note in the tempered case 7= ^widf , e) = ^uwfif, e), so this is already known. Then 
from the tempered packet, one can apply the generalized Aubert involution and use the equality (16.61) 
step by step. At last, note 

(6.8) e(sp)/3(if,p,< Xo)inv < x 0 TT M {'4>, e) = s{s^)7r M (.ifK e), 

which follows from Proposition 16.81 and Lemma 16.141 

□ 


At this point, we have shown the elementary Arthur packets of G do contain irreducible representations 
of G viewed as ?7(G)-modules obtained by restriction from the class of representations of G s ° constructed 
in Section [6.11 However, to prove Theorem 16.11 we still need to find the relation between TTw(if,e) and 
7 s)- One may think of this as a problem of parametrization, but in fact it is much more subtle than 
that for we do not know a priori that Trw(if,e) is irreducible or not. Nonetheless, we will show they are 
irreducible, and at same time compute the difference of parametrization between 7Tj y(if,e) and ttm(4>,£)- 

To describe this difference, we have to introduce a special element £ ^ MW ^ Sff 0 . It is defined in the 
following way. 


Definition 6.17. Suppose if £ ’F(G) is elementary, and a £ Jord p (ifd). 

(1) If a is even, (p,a,5 a ) = 1. 

(2) If a is odd, let m = Jj{c/ £ Jordp^fi) : a' > a,5 a i = —1} and n = 
Then 


M/MW 

V 


(/?, CX , <5 a ) 


(-l) m if$a = +l, 

(-1 ) m+n if 6 a = —1. 


j \{a' £ Jordp^fifi) : a' < a}. 


Theorem 6.18. Suppose if £ 'F(G) is elementary, then 

Proof. The idea is similar to the proof of Theorem 16.161 that we have to apply the generalized Aubert 
involution step by step. First note in the tempered case, we have by definition 7Tw(^, e) = ^Mwfif, £), 
and it is easy to check that £ ^/ MW _ ^ j n ^jg case _ Next, let us assume if is some elementary parameter 
satisfying the theorem, and we would like to prove the theorem for if*. In fact this is the critical step in 
our proof. To be more precise, we have now 

t T M {if,e) = TrMw(if,££p /MW ) 
under our assumption, and we want to show 

7T Mi'fiKe) := \inv <Xo TT M {fi,e)\ = 

The main ingredient of the proof is a commutative diagram analogous to the diagram (I6.5|) . Note we 
can identify Sp with Spt, and for any s £ Sp = Spt, let (H,ifjj) —> ( if,s ) and (H,tf^ H ) —> (if$,s), 
where H = Gj x Gjj and ifn = ifi x ifu. Then the following diagram commutes when restricting to 
distributions associated with elementary parameters, and this again follows from the compatibility of 
endoscopic transfer with Jacquet module and parabolic induction (see [HirQ4] and Appendix [A}. 


(6.9) 


SI(H) 

• - H 

inv <XQ 

SI{H) 


inv <Xo 

>T(G). 
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Here 1(G) is the space of invariant distributions on G, SI(H ) is the space of stable invariant distributions 

on H, and the horizontal arrows denote the spectral endoscopic transfers. We define 

■ - H ■- G/ „ •- G n 

mv <Xo := mv <Xo <g> mv <Xo 

with inv^ Xo respecting p<S>p', where rf = rji in (Example 13. II (1). (2)), and rf = 1 in (Example [3d] (3)). 
Applying this diagram to Umw&h) ■= A mw(^i) ® A mw&ii), we get 

P(ll>H,P,< *o)/w(Vi) = E £{ss lj ,)fG(inv <Xo TrMw{i’,s)), f € K(G), 

eE.S'if, 

where /3(iJjh,P, < -X'o) = f3(ipi,p <8> p’, < Xq)/ 5('ipjj, p, < Xq). By our assumption, the right hand side can 
be written as 

Y £(ss^)f G (inv <Xo n M (^,££^ /MW )) = Y ^ /MW i. s H)fG(mv <Xo TT M (^, e)). 

Combining (16.81) . we have 

/w(V4) = P(^H,p,<X 0 ) Y (ss^)f G (inv <Xo TrM(^,£)) 

£€.SiJj 

= /3(4’h,P, < X 0 ) Y ££% /MW (sSi/,)/3(iIj,p, < Xq^s^s^) f G (K M (^ ,e)) 

e€.SiJj 

= P(^H,P,< X 0 )P(ll),p,< Xo)£^ /MW (SS^) Y K ss ^)fG^M(^,£))- 

E^lS^j 


Finally, it is a simple fact that e^ MW (s^) = 1. So 

(6.10) ImwH’h) = P(tpH,P,< X {0 )P(i/j,p,< X 0 )e^ /MW (s) Y ^s^fa^M^^))- 

EtzSiJj 

On the other hand, we have from the character relation that 

/w(A) = Y ^ ss ^)fc(^Mw(^ ,£))■ 


Since we know from linear algebra that 7Tmw(' 1 PK £ ) are completely determined by these identities for all 
s € , it remains for us to show 


P(^H,P, < X 0 )/3(lJj, p, < X 0 ) 


M/MW M/MW 

= V 


to- 


If Jordp^d) contains even integers, then it is easy to show from the definitions that both sides are equal 
to 1. So now let us assume Jordpfyd) contains odd integers. Note Jord(i/> ) = Jord(ipi ® rf) U Jordan). 
Let u = | Jord(ipi, p <g) rf, < Xq)| and v = | Jordan, p, < Aq)|, then 


p(fl)H,P,<X 0 )p(fl>,p,<X 0 ) = (-1 ^u{u-l)/2+v(v-l)/2-(u+v)(u+v-l)/2 = 

On the other hand, we can index Jord p (^d) according to the natural order of integers and assume 
Jordtyi, p®p',< X Q ) = {a tj }“ =1 . Then 

U 

^M/MW JS/l/MW ^ tj)+(tj— 1) _ ^_^u(it+v—B = (— 

3 =1 

This finishes the proof. 

□ 
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Corollary 6.19. Suppose if G ’P(G') is elementary, let e^ W := £ ^/ MW £ ^ w / ],] _ Then 

7 T W (lf,££^ /W ) = 7T 

Proof. It is clear from Proposition 15.61 □ 


In particular, this proves Theorem 16.11 

Corollary 6.20. Suppose G is special even orthogonal and if G 'T(G) is elementary. For e G Zei 
irw{if,£) = [tt]. Then 7r e ° = 7 t if and only if S^° / <S^. 

Proof. This follows from (16.71) . □ 


If if G 'P(G') is elementary, we can define lit) 0 to be the set of irreducible representations of G s °, whose 
restriction to G belongs to II,/,. Then it follows from Corollary 16.201 and Theorem 14.21 that there is a 
canonical bijection between 



-11 


So 


e\ - >ir$(if,s), 

such that 

• (V 7 ) £ )Ig] = ^widf-,^) if G is special even orthogonal and Sf° = Sy>, or 7 Tw(if,e) otherwise. 

• For any s G <S,^° but not in Sy. and (H,ifu) —> (if,s), the following identity holds 

fw^H) = E s(ss^f G (n^(if,e)) f G C?(G x 9 0 ). 

£(zSi/j 

Let us define 'Kff w {if,e) := 7rfy [if, E£^ W ^ W ) for e G Syf, then we can show in the same way as 
Proposition 15.61 that for any s G Sf 10 but not in <S^, and (H,ifn) —> ( if,s ), 

ImwWh) = E <ssy,)f G (7T^ w (if,e)) f G C?(G x e 0 ). 

At last, we can extend Theorem 16.181 to G s °. 

Theorem 6.21. Suppose if G 'P(G) is elementary, then 

, e) = ttmV , ee™ /MW ). 

Proof. We can assume G is special even orthogonal and / Sy ; . Since 7 
then 

'Kmw^’ ££ ™ /MW ) = 4°(^ e ) or 4 0 W> £ ) 8 w o. 

Note when if is tempered, £ ^/ MV[ = £ MW/Vl _ ^ anc j 7r^(^;, e) = ir^f(if,e) = ir^f w (if,£). So as in the 
proof of Theorem 16.181 we can assume 

= ^mw^i ££ ^ /MW ) 

for some parameter if by induction, and the critical step is to show 
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We identity S^° = S^°, and choose s* € S^° but not in Sp. Let ( H , ipn) —t (ip, s*) and ( H , ip\j) —>■ (^, s), 
where H = Gj x Gjj and vpn = ipi x ipn■ Then we can have the following commutative diagram analogous 
to (16.91) (see Appendix lAl) : 


( 6 . 11 ) 


SI(iL) 


/(G e °( 


"<x 0 


■inv < x 0 


SI(H )->/(G 0 °). 

Here I(G e °) is the space of 0o~twisted invariant distributions on G, and the horizontal arrows denote the 
twisted spectral endoscopic transfers. We define 

mv <x 0 := in V< { 0 ® 

with inv^x ■ (resp. m»^ o ) respecting p <g) pj (resp. p®pn). Applying this diagram to := 

nMiu(V ; i') ® S w (^j/), one can show 

/w(V4) = P(*I>h,P,< X 0 )P(ip,p,< X 0 )e™ /MW (s*) Y ^(^iO/g^mW^ 6 )) 

e&S^j, 

for / € C£°(G x 0q) (cf. (16.101) 1. As in the proof of Theorem 16.181 we also have 


Since 


then 


P(*l>H,p, < X 0 )P(ip, p, < X 0 ) = e™ /MW e™J MW (s*). 


/wW&) = X 


££<S 




X £ ( s * s V>0/g(7T f° w (ipi,£))= Y ^/ MW (s*s^)f G (Trl°(^,£)) 


££<S 




eG<Sw; 


X] £ ( S * S #)/G(7TM 0 (^’ ee J# /W ))- 


££<S 


>tl 


By the linear independence of twisted characters, we have for any e € 5^,# 

e(s%,t)/G(7rf/VW^e)) = ee J /W ))> 

and hence /g^mVC^, e)) = f G (T^(ip^,££^/ MW )), i.e., tt^ 0 (V’ tl , e) = ^/ MW ) 


□ 


Remark 6.22. Later on we will see Moeglin defines 7 r^°(ip,e) in the general case, and if one also extends 
the definition of to the general case, then Theorem 16.211 is still valid (see Theorem 18.91) . 


7. Case of discrete diagonal restriction 

In this section, we would like to look into the Arthur packets associated with parameters having discrete 
diagonal restrictions. To be more precise, we want to give a parametrization of irreducible constituents 
of TT\y(ip,£) (or equivalently n tmw(4’,£)) hi this case. This parametrization is given by Moeglin and we 
will follow her paper |Moeg09| closely. 

As in the elementary case, we start by constructing certain elements in the Grothendieck group of 
representations of G s °. These elements are parametrized by ip G ik(G) with discrete diagonal restriction 

and e € S^°. 
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Definition 7.1. Suppose fi € I '(G) has discrete diagonal restriction, and there exists ( p , A, B , £) £ Jord(fi) 
such that A > B. Let e £ Sfi° and rj o := e(p, A, B,(). Then we define 

7I mW , > £ ) -=®Cg]b,a] i.~ l ) A ~ C < ,-C C> xiJac c(B+2 ).-,cc7rM (/,£', {p,A, B + 2,C;%)) 

©j?=±i (-l)[( A - B+1)/2 ]r7 j4 “ B+1 ^ _i3 7r^ 0 (V; / ,e', (p, A, 5 + 1 ,<;t/), (p,B,B, (;Wlo)), 
where fi' is obtained from fit by removing (p,A,B,Q, and s'(-) is the restriction of £(•). 


Remark 7.2. (1) When A = B +1 and r ]o = —1, the term involving (p. A,B + 2, (, r/o) does not appear 

for e'(-) does not define a character of S^,° in this case. 

(2) It is clear by induction that 

(7.1) 7T$(fi,E£o) = nj$(ip,e)®u 0 . 

(3) We could also define 7in a similar way. Let 

Jord(ip l ) = Jord(fi}') U {(p, A, B + 2, £)}, 

and 

Jord{fi> 2 ) = Jord(/fi') U {(p, A, B + 1, C), (p, B, B, C)}. 

We can identify Sp = <Spi by sending (p, A, B, Q to (p. A, B + 2, £), and map s £ <Sp into <Sp 2 by 
letting 

s(p, A, B + 1 , C) = s(p, B, B, C) := s(p, A, B , C). 

Then Sp 5p 2 is of index 1 or 2. We denote the image of e in Sip 1 by ci. Let us define 

7J - M (■*/>,£) -=®Ce]B,A] (-1) A “ C <(B, - ,-(C> xJac«c (B+2 ) i ..., C c7rM(V’ 1 ,ei) 

© £ -^ £ - 2 e5^ (—l) [(j 4 ~ B+ 1 )/ 2 l £2(/h A -B + 1 , A, B, 0 A ~ B n M {ip 2 , £2). 

By induction again one observes the restriction of ir^(ip,s) to G viewed as "H(G)-modules is 
27if G is special even orthogonal and Sfi° = <Sp, or otherwise. Later we will 

show 7r^f is a representation of G s °, and 7 tm{iP,£) consists of irreducible representations of 

G viewed as 77(G)-modules in the restriction of 7r^ (fi, e) to G without multiplicities. 

Next we want to show lip consists of itm^, £)> and furthermore we would like to compute the difference 
between the parametrizations of 7 and To do so, we need to extend the definition of 

e, m/mw ^ - n |j ie p re vious section. 


Definition 7.3. Suppose 7 /; € 'L(G') has discrete diagonal restriction, and ( p,a,b ) £ Jord{fi). 

(1) If a + 6 is odd, £ ^/ MW a, 6) = 1. 

(2) If a + b is even, let 

m = (t{(yo, a , 6 r ) € Jord(fi) : a , £/ odd, Ca',b' = —1, la 7 — & 7 | > |a — 6|}, 


and 

Then 


n = (t{(p, a , b') £ Jord(ip) : a', b 1 odd, |c/ — 2/| < |a — 6|}. 


M/MW 

e v> 


(. P,a,b ) 


1 

< (-l) m 

7_1 


if a, b even, 

if a, b odd, C a,b = +1, 

if a, b odd, C a,b = -!• 


There is a simple fact about this character e 


M/MW 


Lemma 7.4. Suppose £ T(G) has discrete diagonal restriction, then £ ^! MW ( S p) = 1 
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Proof. Prom the definition, we see e^ MW (p,a,b) = 1 if b is even. Then 

M/MW ( X TT M/MW, ,X 

V \H) = 11 e / (p,a,b) = 1. 

( p,a,b)E.Jord('ilj ) 

b even 

□ 

Theorem 7.5. Suppose if £ 'P(G) has discrete diagonal restriction, then 

TT M (ip,e) = Tr M w(^,£^ /MW )• 

Before we prove the theorem, for any s € let 

5jw, s W := ^2 

e^S^j 

n M,s(fp) ■= ^2 ^( ss ip)^M(if,£)- 

etzS-ijj 

In particular, I^Mwidf) = B-Mwpidf) and we denote ffM^) = B.M,\inf)- For Sm )S (^), we have the 
following recursive formula. 

Lemma 7.6. Suppose if £ 'P(G') has discrete diagonal restriction and s £ S^. Let (p,A,B,f) £ Jord(if) 
such that A > B, then 

n M,s(i>) = ®ce]B,A] (.-^) A ~ C < CB, ■ , —C C > xi Jac£( B+2 ) t ... , (p, A,B + 2, ()) 

e (-i) [(A - B+1)/2] n MiS (^, (p,A,B + 1,0, (p, B, 0), 

where we let s(p, A, B, f) = s(p, A, B + 2, £) = s(p, A, B + 1, £) = s(p, B, B, (). 

Proof. By definition we have for any s £ S^, 

e(ss^)TT M (ip,e) = ®ce]B,A] {-~ l ) A ~ C < C B, -- ,-QC > xiJac C(B+2); ... iCC .e(ss v ,)7r M (Vi 1 ,ei) 

©e«_e a e sffi (-l) [(A ~ B+1)/2l £ 2 (p, A,B + l, C ) A ~ B+1 £(p, A, B, () A ~ B s(ss^) tt m (^ 2 , £ 2 )- 
So it suffices to show ^(ss^i) = e(ss^) and 

e 2 (ss^ 2 ) = e 2 (p, A, B + 1, () A ~ B+1 e(p, A , B, () A ~ B £(ss 7 p). 

The first one is easy for s^i = s^ under our identification. For the second one, note £ 2 ( 5 ) = e(s) and 

e(fy) = n e(p,a,b) b ~ 1 = JJ e{p,A,B,Q A ^ B 

(p,a,b)£j ord(il>) (p,A,B ,C)G J ordpij)) 

Then 

£ 2 (^ 2 )/e(s^) = e 2 (p, A, B + 1, C) A_C(S+1) £2(/5, B, C) B_CB /e(p, A, B, () A ~ CB . 

Using the fact that £ 2 {p, A,B + 1, Cf)£ 2 {p , B , S, C) = e(p, A, B , £), we have 

^(•vO/e^) = e 2 (p, A B + 1, C) A_C ( B+1 ) £(p, -4, B, C) B_CB £2(p, A B + 1, ()~ B+CB /e(p ,A B, C) A ^ (B 
= £2 (p, A B + 1 , C)‘ 4_B ' 1 £(p, A £, C) B_A = £2(p, 4B + 1, C) A ~ B+1 £(P, -4, B, () A ~ B . 

This finishes the proof. 

□ 

Lemma 7.7. Suppose if £ 'P(G') has discrete diagonal restriction, then TImw^) = AwCl/A 

Proof. Lemma 17.61 and Proposition 15.91 allows us to reduce this lemma to the case of elementary Arthur 
packets, where the statement is already known. □ 

Now we can give the poof of Theorem 17.51 
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Proof. Since e ^ MW (s^) = \ i it is enough to show YIm^I^P) = £ ‘/I Mw (s)f[ Mw ,s(/ l f) for all s G S^. From 
the previous lemma, we know this is true for s = 1. So we can assume s / 1 in the rest of the proof. By 
induction, we may assume the theorem is true for if 1 and if 2 , i.e., 

iWV’ 1 ) = </ w ( s )W >s (^), 
n mM 2 ) = e$ MW {s)n M wM 2 )- 

Suppose (H , ifn) (if, s) and if s := ifn = ifi x ifn- We can assume (p, A, L>, £) G Jord(ifn ) for the other 
case is similar. Let ifl = if}x if l n and if 2 = if 2 x i\) 2 1I . In particular, ifi = if] = if 2 . Note YiMW,s(' l f 1 ) ( r esp. 
fl MW,s{if 2 )) is the spectral endoscopic transfer of YImw^}) ® IlMwi'f’ii) ( res P- Hmvu(Y’j) ® ^-Mwi'f’n))- 
By the compatibility of endoscopic transfer with Jacquet module and parabolic induction, we can conclude 
ftis the spectral endoscopic transfer of 

©Ce]B.A] (—^-) A ~ C e/// MW (s) <(B, - , -c c > xiJac c(jB+2)! ... ]CC (n M u/(V ; /) © YImw{^ii)) 

0 (-i)\f A - B + 1 )l 2 ^ £ ^/ MW ( s )tl MW (if^) ® n MW {ifn)- 

Note = 0 for any B + 2 ^ D ^ A, which follows from the corresponding vanishing fact 

for Jacquet modules of 7 r(ifj). Then we can rewrite it as 

©Ce]B,A] e^ MW (s)Smiv(^j) © (< (B, • ■ • , —C C > xiJac^B+2),... xc^Mwiifii)) 

0 (-i)[( j4_ - b+1 )/ 2 ] £ ^ //mh/ \s)iiMw(,tfi) ® n mw 

If we can show 


(7.2) 


M/MW, 


, x M/MW, X 

e - ( fi ) = V ( s ) = v 


M/MW 


s), 


then that means IIm,s 


(if) is the spectral endoscopic transfer of e 


M/MW 


(s)BMw(ifi) ®~R M w(ifii)- Hence 


BmM) = £^ /MW (s)Umw,sW. 


Finally, it is an easy exercise to verify (17.21) . 
Jordan blocks ( p,a',b') such that s(p,a',b') = 


M/MW, 

H 


( / \J\ M/MW( j i/\ 

(. P,a,b)= e^l ( p,a,b)=e . 


M/MW 

P 2 


In fact, one can assume s(p,A,B,Q = 1, then the set of 
: — 1 is the same for if, if 1 and if 2 , and it is enough to show 

( p,a!,b’) for any ( p,a',b') in this set. Recall 


(p, A, B + 2, () — (p, a + 2£, b — 2(f), 

(p, A, B + 1, C) = (p, a + C, b - (), 

(p, B, B, () = (p, sup( 0, a - b) + 1, sup( 0, b - a) + 1). 


One checks easily that the contribution of (p,A,B,Q) to the numbers m,n in Definition 17.31 for if is the 
same as (p, A, B + 2, () for if 1 , and (p, A,B + 1, (f), (p, B, B, () for if 2 modulo 2. Then the rest is clear. 

□ 


One consequence of Theorem 17.51 is that -km^^) is an 'H(G)-module, which is by no means clear from 
our definition. In fact, the main goal of |Moeg09| is to show n/ff(if,£) is a representation of G So and 
characterize its irreducible constituents, which also implies ttm(4>,£) is an 'H(G)-module independent of 
Arthur’s theory. 

Theorem 7.8 ( |Moeg09| , Theorem 4.2). Suppose if G 'L(G) has discrete diagonal restriction, and there 
exists ( p,A,B,( ) G Jord(if) such that A> B. Let £ G Sf° and p q := e(p, A, B,(f). Then we have 

7r M°(V ; ; e) = ®l€[0,[(A-B+l)/2]]®ri=±l-. VO =7 1 A - B + 1 Uce[ B +l.A_l](- 1 ) lG] <K > 

x ■ ■ ■ x < C (B + 1 - !),••• , —C(H. — l + 1) > X7rlf(if',£',Uce[B+i,A-i](p,C,C,C,p(-l) [c] )) >, 
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where ip' is obtained from ip by removing ( p,A,B,(j), o,nd e'(-) is the restriction of e(-). In particular, 
when l = (A — B + l)/2 and ?/o = 1? we will just take one value for p, since both values give the same 
term. 

Remark 7.9. The complicated condition on g comes from the fact that p(— 1)^ with e'i ) needs to define 
a character e_ of Sfff, where Jord(ip-) is obtained from Jord(ip') by adding U cg[b+i,A-i\(p>C,C,(). 

This theorem shows (-ip, e) is a representation G s °, and allows us to decompose it according to 
two parameters l , p, where [ is an integer-valued function on Jord{ip ) and p is a ^-valued function on 
Jordpip). In the notations of this theorem, we let l(p, A, B,() = l and g(p, A, B,Q = p(— l)[ s +*l. Then 

l(p,A,B,Oe[0,[(A-B + l)/2}}, 

and 

(7.3) e{p,A,B, C) = 72(p,A,B,C) A ~ b+ 1 (-1) [{A ~ b+1)/2]+l{p ' A ’ B ’°. 

Let us denote by £g v the character of <S^° defined by (l, g) through this formula. Then we define for any 
pair (l, p) such that £; )?? € Sff° , 

=« ,~C A > X ••• x < ({B + l_{p, A, B,C) -!),■■■ ,-((A- [(p,A,B,() + 1) > 

x (V’—> L— i v __) >, 

where ip- is defined as in the remark, and l_,g are extended from [,g by letting [_(p,C,C,f) = 0 and 
p_(p,C,C,Q) = p(— 1)^. In the theorem, Moeglin shows 7 T^f(ip,l,p) is irreducible. In fact, one can also 
show 


/ 


CB 


~CA 


TTmCV’J,!?) C t X (p t A,B,()£jord(ip) 

\((B + l_(p,A,B,0- 1) ••• -((A-l_(p,A,B,() + l) J 

X ( U (p,A,B,C)eJord(i/>) U Ce[B+i(p,A,B,C),A-i(p,A,B,C)] (P> Cj C, C]7j(p, A , B , £)( —1 ) C ~ B ~ l -^ p ’ A ' B S)^j 

as the unique irreducible subrepresentation. We define ttm{tP,Lv) to be the irreducible representation of 

To, 

M 


G viewed as 77(G')-module in the restriction of 7r?? (ip, l, r?) to G. Then 


/ 


C B 


—(A 


71 M (ip , l_, p) X (p t A,B£)£jord(ij)) 

\C(B + l(p, A, B, C)-l) ••• -C(A-l(p,A,B, C) + l) y 

X 7Tm (U( p ,A,B,C)eJord(i/>) U Ce[B+l(p,A,B,C),A-l(p,A,BX)\ (P' ^ C, Ci dip, A, B, C)(-1) C B 

as the unique irreducible element in Rep(G) forming an 77(G)-submodule. 

We dehne an equivalence relation on pairs (l, p), such that (l, p) ~s 0 (Lfv') if and on ly if I = If and 
(p/p')(p, A, B,0 = 1 unless l(p,A,B,Q = (A — B + l)/2. It is clear that n^f(ip,l,p) = Tiff (ip, If ,p') if 
(l, p) ~s 0 (If r l')- I n fact, the converse is also true. 

Proposition 7.10. Suppose ip € 4 r (G) has discrete diagonal restriction and £ € Sff°, then 




© 


'Km(iP,L'U). 


Moreover, (ip, l_, g) ^ i(ip,lf ,ijf) if and only if (l, p) ~s 0 (Lfvf). 
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Proof. The only thing which may not be so obvious from Theorem 17.81 is the fact that T£ff(if,l_, rf) ¥ 

if (/, rj) ( lf,r /). But this can be shown by comparing the Jacquet modules of these 

representations. □ 

Remark 7.11. If Jord(if) contains ( p,a,b ) with a = b, then our definition of (if, l, rj) will depend on 

the choice of sign (f a ^. However, it is not hard to show the representation iT^f(if,l,rf) is independent of 

Ca,b- 


If G is special even orthogonal, and if £ 'l'(Cr) has discrete diagonal restriction, we define a Z 2 -valued 
function on Jord(if ) by 


T] (p, A, B,() = 


if d p is odd and A £ Z, 
otherwise. 


Then £o(p, A, B, £) = V f) (p., A, B, C)" 4 B+1 , and hence £i, V rj 0 = £ i,ri £ o- I n general, we let r; () = 1 if G is not 
special even orthogonal. 


Corollary 7.12. Suppose if £ \I >(G ) has discrete diagonal restriction, then 

(7.4) (if , —,ZZZZq) - 

Proof. This follows from the formula of 7r^° (if, l, rj) and (16.7jl in the elementary case. 


□ 


We define another equivalence relation on pairs (/, 77), such that (l,rf) ~ (l!iV') if and only if (l,rj) ~s 0 
(/',?/) or (Z, 77) ~s 0 (l!,rf rj ). It follows from this corollary that = ^m(iP,L' iV') if and only if 

(Lv) ~ GW)- 

Corollary 7.13. Suppose if £ T(G) has discrete diagonal restriction and e £ S^, then 

ir M (if,e)= 0 7r M (if,L,v)- 

{(/,^): e=£! >2 }/~ 

Moreover, 

0 ^m(Aa) 

£<-S£Sff° 

consists of all irreducible representations of G s °, whose restriction to G belong to nM(if, £ )- 

Proof. We can assume G is special even orthogonal. It follows from Proposition 17. 101 that 

m • 7TjVf (if , s) = TT^(lf,e)\ G = 0 

{(i,^):e=Si, 2 }/~s 0 

where m = 2 if = S^, and m = 1 otherwise. By (17.41) . one can easily see the right hand side is 

m © ^M(lf,L,V)- 

This proves the first part, and the second part should then be clear. □ 

Motivated by this corollary, we can define n^° to be the set of irreducible representations of G s °, 
whose restriction to G belong to IT,,,. In the case G is special even orthogonal and if £ T(G') has discrete 
diagonal restriction, suppose S^° A «Sy>> then for any (l,rj), 

(-’ ZZZZq) *'£0 U»Z7)> 
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and hence ir e ° = it for any irreducible constituent [t] in ttm{/P,£) by (17.41) . Then it follows from Theo¬ 
rem EH that there is a canonical disjoint decomposition 

such that 

• [^w (Vs £ )Ig] = 27rvu( , 0,e) if G is special even orthogonal and S^° = S^, or 7rw(V’G) otherwise. 

• For any s G <S^° but not in and (H,Tpn) —> the following identity holds 


fw^n) = Y e(ss^f G (7T^^,e)) f G C?{G x 6 0 ). 


Let us define iT^ w (/ip, e) := irfy (ip, ee^ W ^ W ) for e G <5^°, then we can show in the same way as 
Proposition 15.61 that for any s € S/f° but not in S^, and (H,iPh) —> (4>,s), 

Imw^h) = Y £ ( ss vO/g^mV(^ £ )) / € C™(G x 6 q ). 

eGS^ 

At last, we can extend Theorem 17.51 to G So . 

Theorem 7.14. Suppose ip G T(G) has discrete diagonal restriction, then 

=4v(^r w )- 

Proof. We can assume G is special even orthogonal and (St ' 0 7 ^ 5© The proof goes in the same way as 
that of Theorem 17.51 First we choose s* G Sp 10 but not in <S© and we define 

n w,a*W0 : = E e ( s * s V>) 7r MV(V , > e )’ 

£G«S^ 

n M%*W := E ^*s^(iP,e). 

EOzStP 

Secondly we can extend Lemma 17161 to this case, i.e., for ( p,A,B,Q G Jord(ip) such that A> B, 

n M,s*(V’) = ©Ce]R.A] (~1) A c <( B, - ,—(C> xJac^( S+ 2 ) i ...^cn^° jS *(' i / ;/ ) {p,A,B + 2,£)) 

© (_i)[(4-£+i)/2] n £o^ (v ,/ ) (P) A, B + 1, C), (p, B, B, 0), 

where we let s*(p, A, B , £) = s*(p, A, B + 2, £) = s*(p, A,B + 1,Q = s*(p, B , B, (). The proof is the same. 
Then we can show by induction that 

T So (,s_M/MW ( * m £o 




This is because of Theorem 16.211 and the fact that (17.21) still holds in this case. Finally, since ttm(iP,£) = 
^MW\Wi ee ^ ), we have 

f(s*s ,W E °G& f! _ M/MW ( * n . M/MW ( * X E„ (J. M/MW, _ , * W E 0 /, M/MW \ 
e{S Sip)TT M yip, E) — {S ) EE^ [S Sy,)TT Mw yip,EE^ ) — £{S Sy,)TT Mw \ip, EE^ ) 

by the linear independence of twisted characters. Hence tt^{%Jj,e) = Tr'^f w (ip, ££^ MW ). 

□ 
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8. General case 

In this section, we consider Mceglin’s parametrization of elements in IL, for general ip G ’I'(G'). The 
idea is similar to Sectional We first assume ip = ip p , and fix an order >^, on Jord(ip) satisfying condition 
(V). We also choose a parameter ip^. dominating ip with discrete diagonal restriction and natural order, 

and we identify S^° = . Then we define for e G , 

(8T) ^M (V 1 ; e ) ■ °(p,A,B,C)eJord(i/)) 

where the composition is taken in the decreasing order. Since 7r^f (V , », ee o) — ® w 0) then 

4° W 7 , eeo) = 4° W’, e) ® w 0 . 

We also dehne 


(^•^) n M {lp,£) ■ °(p,A,B,()£ Jord(ip )^)‘ 

It follows from the case of discrete diagonal restriction that the restriction of 7rff (ip, e) to G viewed as 
■H(G)-modules is 2i tm(iP,£) if G is special even orthogonal and 5^° = S^, or ttm(^P,£) otherwise. 

Next we extend the definition of £ ^/ MW g ^his case . 

Definition 8.1. Suppose ip = ip p € 'k(G), and ( p,a,b ) G Jord(ip). We fix an order on Jord(ip ) 
satisfying condition (V). 

(1) If a + b is odd, (p, a, b ) = 1. 

(2) If a + b is even, let 

m = (KG o, a', b') G Jord(ip) : a', b’ odd, Ca',b' = -1, (p, a, b') >^ ( p , a, 6)}, 


and 

Then 


n = (j {(p, a 1 , b') G Jord(ip) : a', b' odd, (p, a', b') (p, a, 6)}. 


M/MW 

V 


(p,a,b) 


1 if a,b even, 

< (-l) m if a, b odd, (a,b = +1, 

k (-l) m+n ifo,6odd,Ca,6 = -l- 


Proposition 8.2. Suppose ip = ip p G \k(G') and £ G S^>, then 

7 T M (ip,£) = ttmw(iP,££™ /MW )- 


Proof. By the definition of (15.611 and (|8.2h . it suffices to show 7iM(V ; >) e ) = ^MW('*/’»)££^^ MW )- One 

checks easily £ M/mw, = by the definition. So now this proposition will follow from Theorem 17.51 

directly. □ 


As a consequence, we have the following result. 

Proposition 8.3. Suppose ip = ip p G T(G) and e G <S^>. Let p be a unitary irreducible supercuspidal 
representation of GL(d p ). 

(1) For ( G {±1} and segment [x,y\ with 0 ^ x ^ y, Jac^ x _... t ( y iTM( ri P, £) = 0 unless there exists 
a sequence of Jordan blocks {(p, Ai, Bi, £)}” =1 C Jord(ip ) such that B\ = x,A n ^ y, and Bi ^ 
Bi +1 ^ Ai + 1 . 

(2) For iGl, let m = (J {(p, A, B, £) G Jord(ip) : QB = x} ; then Jac x , ■ ■ ■ ,x 7r m(?P, e) = 0 if n > m. 
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Proof. Note ee M ^ MW ) and 

nMw{ ^ .. M/MW) = f vr w (if, ee M/M w s mw / w ), if eeM/mw.mw/w g ^ 

) 0, otherwise. 

So it suffices to show the proposition for irw(if, e) and e £ S^. As we see from the proof of Proposition 15. 71 

e(s^) 


7 T W {i/),e) = 


1^1 




S^Snh 


where H\y^ s (if) is transferred from IIfor (H,ifjj) (if,s). By (14.11) . it suffices to show the vanishing 
of the corresponding Jacquet moduies for 7 t^ h := <8 > . In fact, it suffices to consider 

7b/> ^ (p,a,b)€ Jord(^)‘Sp(S't(/3, Q.), 6). 

Then one can check easily that Jac^ x ... ^ 7r^, = 0 unless there exists a sequence of Jordan blocks 

{(p,Ai,Bi, ()}?=i C Jord(if ) 

such that Bi = x, A n ^ y, and B t ^ B i+i ^ Aj + 1. It is also easy to see Jac^ .. x tt^ = 0 if n > m. 


□ 


Remark 8.4. This proposition implies the same kind of statements are also true for TT^f(if,e). 

For functions l(p, A , B, £) € [0, [(A — B + l)/2]] and rj(p, A, B, £) € L^ on Jord(if) such that 
eiAp, A, B, C) := 77 (p, A, B, qA-b+i^I(A-b+i)/2] + i( p ,a,b,o 

defines a character of S^° , we define 

^M (^fiLiV) ■ 0 (p,A,B,£)sJor’d(?/j)'J a C(p J A>,B;§>,£)i->-(p,A,B,(J)7IAf j ii ft) 1 

where the composition is taken in the decreasing order, 

L(p,A,B,() = l(p,A^,,B^,Q and V{P,A,B,C) = v(p, a > ,B > , 0- 

Then we have the following result about this representation. 

Proposition 8.5 ([Moegl0|, Proposition 2.8.1). For-if = if p (E 'L(G), ir^f(if, l, rf) only depends on >^, 
but not on V’>. Moreover, ir^f(if,l, rf) is either zero or irreducible. If (if, l, rf) / 0, then 

^M (V^j L: V) c t (p,A,B,()£jord(ip) ^ ^(p.A.R,Q) ^ ^ ^ 7r^(^,Z,7/), 

where the product is taken in the increasing order. 

Proof. First, we would like to show (if, l, rf) only depends on >^. Suppose there are two dominating 
parameter ifl^ and ffL, with discrete diagonal restriction and natural order, we can always choose a third 
one if ^ which dominates both ifl^ and if%,- It is clear that 

n M (^>> L v) = °(p,A,B,C)eJordW)J ac (p,A^ 1 B% > ,<;)^(p,Ai s> , B ^,<;)' K Ad (^>1 L v) 

for i = 1,2, where the composition is taken in the decreasing order. For all (p',A',B', C ) (hi A, B , Cf), 
it is easy to check 

JaC (p,A^,Bi^,0^{p,A,B,0 and JaC (p', A>£, B^ ,C)^(p',Rf £') 

commutes (cf. [Xu m, Lemma 5.6). Also note 

Jac (p,A^,B^,C)M.(p,A,S,C) ° JaC (M»,B>>,C)^(pA^,Bi>,C) = Jac (pA* > ,B; > ,0^(p,A,B,0- 


Then 


°(p,A,B£)eJord(4>) J ac (p,Ai >> ,B^ > ,C)M-(p,A,B,C) 7r M (^») £> h) 
= °{p,A,B,C><Rjord{i>) J a C(p,A^ > ,BJ > ,C)M-(p,A,B,C) 7r M 0 (V 7 >>^!/)- 
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This finishes the first part of the proof. 

Next we index Jord(ip) according to >^, such that 

(/hi Aj, Bi, (pi) (pi—15 i i - 5 j— i; Ci—i)• 

Let ?/>> be obtained from ip by shifting (pi, Ai, Bi, Q) to (pi, Ai + T*, Bi + Ti,(i). We also define V ,fc from 
V>» by shifting (p*, A* + Ti,Bi + Tj,£j) back to (pi, A iy Bi, (i) for i < /c. Suppose n^(ip,l,rj) / 0, then 


7r?? (ip k ,[, p) / 0 by definition. We would like to show by induction that (ip k , l, rj) is irreducible and 


Vof'hk 


(Ck{Bk + Tfc) • • • C k{Bk + 1)\ 


(8.3) 


71 'm^ 1 >l r l) 


XI TT^(lp k ,l,v) 


\C k(Ak~\-Tk) ■■■ Cfc( j 4fc + 1)/ 

as the unique irreducible subrepresentation. Note i/* 0 = and ip n = ip, where n = |Jord( , 0)|. So let us 
assume n{ip k ~ l ,l,p) is irreducible. For 0 ^ l ^ T*. — 1, we denote 

k{Bk + Tk) ■■■ Ck{Bk + l + 1)^ 

n-=\ \ 

VcfeC^fc+^fe) ■■■ Cfc(^4fc+^ + i)/ 

Let ip k ~ 1 ' 1 be obtained from ip k by shifting (p*., A^ + 7^, £>/,. + T&, to (p*,, A& + 1, Bk + 1, £&). We claim 
tTm 7?) is irreducible and 

as the unique irreducible subrepresentation. In particular, 1,0 = ip k , so this is what we want. 

To prove the claim, we assume it is true for l + 1, and we would like to establish it for l. 

Z) ^ p+i * 7r w (^ fc-1,i+1 jL»z)- 

Since 

Jac a(s fe +/+i),-,a(A fe +/+i) 7r M (^ fc_1 ’ i+1 .I,»z) ^ °> 

there exists an irreducible representation af° and C G [Bp + l + 1, Ak + l + 1] such that 

7r M > (V ;fc 1,1+1 iL pi) ^< CkC, ■ ■ ■ , c k(Ak + l + 1) > X<7^°. 

If C > Bk + l + 1, then by Proposition 18.31 there exists (p,;, Aj, BiXi) € Jord(ip ) for i < k such that 

Pi = Pk > Ci = Ck ! > 13^ + l + 1 and Aj is A& + l + 1. 

But this is impossible by the condition (' P ) on >^. Therefore, we must have C = Bk + l + 1. It follows 
up 0 is a constituent of (ip k ~ 1,1 ,l,p). Apply Proposition 18.31 to ip k ~ 1 ' 1 , we have 

( 8 - 4 ) Jac Cfe c',-,c fc C"crf° = 0 

for C' G [13/j + l + 1, Afc + TJ-], C" G [A& + l + 1, A& + TjP\. To sum up, 

/ C k{Bk + l + 1)^ 

7r M°(^ fc_1 ^>!?) ^ P+ 1 x : 

\Cfc(Afc + / + !)/ 


x 


s 0 


So 
i ) 


If we apply Jac (pfc)Afc+TfciBfc+Tfeiffe) ^ (pfeiJ 4 fe+iii?fc+ i iCfc) to 

^ (k(Bk + l + 1)\ 

(8.5) r z+ i x : x a\ 

\Ck(Ak + l + 1) / 

we should get af° by (18.41) . So 

^ k ~ 1,l ,Lv) : = ^^Hpk,A k +T k ,B k +T k ,Ck)^(PkAk+i,B k +i,c k )^M = ^f 0 ’ 
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and (18.511 has a unique irreducible subrepresentation. Hence 

^ n x 7r ^r (‘0 fc—1,i > I» ZZ) 

as the unique irreducible subrepresentation. This finishes the proof of our claim. 

□ 


Remark 8 . 6 . It is an interesting problem to determine when (ip, l , r?) is not zero, and a solution to 
such problem would have many applications (e.g. |Moegllb| , Moeglla]). In a sequel to this paper, we 
will give a procedure for finding explicit nonvanishing conditions on ({, 77 ) for n^f(ip,l, 77 ). 

Corollary 8.7. For ip = ip p £ T(G), if (ip , l, 77 ) = n^(ip,l',if) ± 0, f/ien ({, 77 ) ~ So (!', t?')- 

Proof. Suppose tTm (ip,L v) — 7 ^ 0) then by applying (18.31) step by step, one can conclude 

M). Tllis implies (Z, 77 ) ~ So ({', 77 ')- D 


Let 7 tm(V’,I, r ?) be the irreducible representation of G viewed as FZ(G)-module in the restriction of 
(ip, l, rj) to G if Tr^f(ip,l, 77 ) / 0, and zero otherwise. Then 

TM (V 1 ) I; V) 0 (p,A,B,()£jord(ili)^£)>-^(p,A,BM (V’S*> 1; ^?)! 

where the composition is taken in the decreasing order. The following proposition follows easily from the 
definitions and similar statements in the case of discrete diagonal restriction (cf. Proposition 17.101 and 
Corollary 17.131) . 

Proposition 8.8. For ip = ip p £ ’L(G) totc! e £ <S^>, 


7r M°(V’,e)= © ttm 

{(hv) : e=e l,rj}/~S 0 


and 


Moreover, 


TT M (ip,e)= © 7 T M (ip,L'n)- 

Kb??)=£=£!,77}/~ 

© 4°Wi £ ) 
g< ~ £€S ^> 


consists of all irreducible representations of G s °, whose restriction to G belong to 7 tm(tP,£)- 


As a consequence, for ip = ip p £ 'F(G) we can define n^° to be the set of irreducible representations of 
G s °, whose restriction to G belong to II,!,. In the case G is special even orthogonal, if / S^, then 
7r e ° = 7r for any irreducible constituent [ 71 ] in 7r m(iP,£). So it follows from Theorem 14.21 that there is a 
canonical disjoint decomposition 

n?= U 

such that 

• (ip, e)|g] = 27 Tw{ip,e) if G is special even orthogonal and S^° = S$, or 7 Tw{ip,£) otherwise. 

• For any s £ S^° but not in S,/. and (H,ipu) —> (ip,s), the following identity holds 


fw&H) = E e(ss^)f G {i^{iP,e)) f £ G C °°(G x 0 o ). 
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Let us also define for e G , 

(^■ 6 ) ' 0 (p,A,B,()£Jord(i/>)^^(p,A^ > ,B^ > ,() h ~^(p,A,B,()^MW^^ > ’ ^)' 

Then we have the following theorem. 

iheOrem Q Qiirrtv.i-.co nit - nit d lTf ( P~l\ rtnrtrl rT d .^Sq 


8.9. Suppose if = if p G 'F(G) and, e G Sp° , 


vr 


So 

MW 


{^e) = \' k w^ ££ 7 VIVV )i V 


MW/W \ 


££. 


0, 


MW/W 

4> 

otherwise. 


d cS 0 


and 


*i?GM)=7T ^ w (if,££^ MW ). 

Proof. We can assume G is special even orthogonal and S//° / S^. Since 

( , , _ MW/W s --MW/W ^ -zr- 

}Tr w (ip,££^ ), ifee^ G5^, 


^Mw{i>-,£) = 


1 °, 


otherwise 


we have n$ w (if, ee^ 7 ) / 0 only if e G . 

Let us choose s* G <S^> but not in S^> , and we denote its image in Sfj° again by s*. Then let us define 

n mw,s*W : = Y1 £ ( S *^)%V(^ £ )> 




n w,«*W0 := £ ( s *^) 7r w(V’ 5 e)- 

eG<S^, 

As in Proposition 15.71 one can show 

n «V,..(V-) = 

(cf. (15.71) 1. By the linear independence of twisted characters, we have for £ G 5, 


So 


E< K '/ H '(s*»h ,r wW> £ <" / " ) = 4 W/W (>/>>’) ■ £(**m>)A°M',u 

And hence 

7r MV(V’ 5 £e vf M//Ty ) = 7r u?(V’j £ )- 

This proves the first part. The second part follows from the case of the discrete diagonal restriction and 
the fact that f M/MW - f M/MW 

Lilt? IdiLt LJLlcxL . 

□ 


The following corollary is a direct consequence of Theorem 18.91 
Corollary 8.10. Suppose if = if p G 'L(G) and £ G Sf°, let ejf 7U := £ M/ M W mw/w . ^hen 


'Ip' 

M/W \ 




ee. 


'V> 

m/iv LiT 0 

ijj fc °i/i > 


0, 


otherwise. 


Finally for if G \H(G) 
We define 

and 


n^j — 7ii/jx 

n ? : = ( x {p,a,b)eJord^ np ) Sp(St(p, a), 6)) x ng, 

7T ■= ( X {p,a,b)£jord^ np ) Sp(St(p, a),b)j X 7T^° (^p, e), 


ON MCEGLIN’S PARAMETRIZATION OF ARTHUR. PACKETS FOR P-ADIC QUASISPLIT Sp{N) AND SO(N) 45 


71 -mW’S) := ( X (p,a,b)GJord(^p) Sp{St(p, a) , 6)) X 7T $(l/>p,e) 


for e G Sf°. Then we again have 


„ f /„/, M/W, M/W 9 S 0 

7r^° (V>, £) = <{ "'' W ££ v> “ ££ ^ G ’ 

0, otherwise. 


For l(p,A,B,() € [ 0 , [(A — B + l)/2]] and rj(p, A, B,() G ^2 on Jord(i/j p ) such that £; )T? € 5 “)>, we also 
define 

= ( XfaafleJor'Wnp) Sp{St(p, a),bf) x 7r^ 0 (V>p,i,?7) 

and 

TT M (i>,Lrj) = ( X 

(p,a,6)E Jordfynp) Sp(St(p,a),b)j X7 TM{.i’p,Lv)- 

Proposition 8.11 ( |Moeg06a1 , Theorem 6 ). For if G ’F(G), Trjjjf (^>,Z, 77 ) irreducible or zero. 

As a consequence of this proposition, 7 V ) is the irreducible representation of G viewed as 'H{G)~ 
rnodule in the restriction of 7 r^ f ° (?/>, l, r/) to G if tt)^ (i/;, L r/) 7 ^ 0, and zero otherwise. To summarize, we 
obtain Moeglin’s multiplicity free result for Arthur packets. 

Theorem 8.12 (Moeglin). For if G 'f'(G), 

n So (V0:= © 

( resp. U(if) := © TT W (if,£) ) 

is a multiplicity free representation of G s ° (resp. H(G)-module). 


Appendix A. Compatibility of endoscopic transfer with Aubert involution 


In this section, we want to establish the compatibility of (twisted) endoscopic transfer with generalized 
(twisted) Aubert involution (cf. (16.51) . (16.91) and (16.111) ). We will start by considering the usual (twisted) 
Aubert involution. Let F be a p-adic field and G be a quasisplit connected reductive group over F. Let 6 
be an F-automorphism of G preserving an F-splitting. We denote the space of (resp. twisted) invariant 
distributions on G by /(G) (resp. I(G 9 )), and denote the space of stable invariant distributions on G by 
SI(G). Let V e be the set of 0-stable standard parabolic subgroups of G. Let G + = Gx < 9 >. For any 
7r + G Rep(G + ), we define the 0-twisted Aubert involution as follows: 

inv d (n + ) = ^ (—1) dim ( Ap ) e Indp(Jacp7r + ) 

P&V 9 

where Ap is the maximal split central torus of the Levi component M of P. Let H be a twisted endoscopic 
group of G, and we denote by inv H the Aubert involution on Grothendieck group of Rep (H). Then we 
want to show the following diagram commutes: 


(A.l) 


SI(H) - >I(G e ) 


inv H 

SI{H) 


inv Q 

4 I(G e ) 


where the horizontal maps correspond to the twisted spectral endoscopic transfer. To establish this 
diagram, we need to know the compatibility of twisted endoscopic transfer with Jacque modules, and we 
will recall its formulation here following ( [Xu 15] , Appendix C). 
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For simplicity, we will assume there is an embedding 

£ : L H -> l G, 

and £( l H) C Cent(s, L G) and H = Cent(s,G)° for some semisimple s E G xi 9. We fix (0-stable) Tp- 
splittings (Bh, Th, {X aH }) and (B G , Tg, {T q }) for H and G respectively. By taking certain G-conjugate 
of £, we can assume s E Tg xi 0 and £(7#) = (7(f) 0 and £(£?#) Q Bq- Let IFp = W(H,Th) and 
VF G e = W(G, Tg) 6 , then Wh can be viewed as a subgroup of W G e. We also view L H as a subgroup of 
l G through £. For P = MN E P 0 with standard embedding L P L G, there exists a torus 5 C (7 G )° 
such that l M = Cent(5, L G). Let W M e = W(M,Tg■ We define 

W g o(H,M) := {re E VF G s| Cent (w(S), L H) —> Wp surjective }. 

For any w E W G e(H, M), let us take g E G such that Int(g) induces w. Since Cent (w(S), L H) —> Wf 
is surjective, g L Pg~ l n L H defines a parabolic subgroup of L H with Levi component g L Mg~ x n L H. So 
we can choose a standard parabolic subgroup P' l} = M' W N' W of H with standard embedding L P! U1 L H 
such that L Pl ) (resp. L M ' W ) is P-conjugate to g L Pg ~ 1 D L H (resp. g L Mg ~ 1 C\ L H). In particular, M' w 
can be viewed as a twisted endoscopic group of M, and the embedding £^/ ; '■ L M' W —>• L M is given by the 
following diagram: 


l H —4 l H —-4 l G il l G 

where h E H induces an element in Wh- Note the choice of h is unique up to M^-conjugation, and so is 
£m' ■ If we change g to h'gm, where h! E H induces an element in Wh and m E M induces an element 
in W M e, then we still get P ' t ,, but £^ changes to Int(m _1 ) o ^ M ' w up to M^-conjugation. To summarize, 
for any element w in 

W H \W G e(H,M)/W M e 

we can associate a standard parabolic subgroup P^ = M' W N' W of H and a M- conjugacy class of embeddings 
£m 4 , : L ^w ~* L M. Then the following diagram commutes 


R , 4r 








P 




(A.2) 


SI{H) -- I{G e ) 


© w Jp/ 
r w 


Jac p 

4/(M 0 ), 


where the sum is over Wh\W g b (H. M)/W M e, and the horizontal maps correspond to the twisted spectral 
endoscopic transfers with respect to £ on the top and £ m' on the bottom. Let us denote the twisted spectral 

endoscopic transfer from H to G by Tran^ , and the twisted spectral endoscopic transfer from M' w to M 
by Tranj^/ . Then we can translate the diagram (IA.2I) into the following identity. For Q H E SI(H), 

(A. 3) Tranjjp Jacp^0^ = JacpTran^ Q H . 

W 

It follows 

yy Indp (Tranj^p Jacp/„0^) = Indp(JacpTranp 9 0 H ). 

W 

By the compatibility of twisted endoscopic transfer with parabolic induction, 

IndpTran^p (Jacp^0 H ) = Tranpflndp, (Jacp^0^). 
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So 


Tran#* ( Y, Indp/ Jacp^©^) = IndpJacp(Tranp 9 0 // ). 


We can multiply both sides by (— \^ d ' im ( A p)e ^ anc [ then sum over P £ V 9 , 

Trang S ( Y (_i)*m(A P ) fl ^ Ind^JacpA")") = inv 9 (Ty an^@ H ). 

w 

To establish the diagram (IA.1I) . it is enough to show 


Y (_i)dim(A P ) fl J^indfl, Jacp^©^ = inv H @ H . 

Pfz'pO w 

By the definition 

inv H 0 H = Y (—1) dimA p' i n dp,Jacp/ 0 ^ 

P'eV H 

where V H denotes the set of standard parabolic subgroups of H. So it suffices to prove the following 
proposition. 


Proposition A.l. For any P 1 = M'N' € V H , 

(A.4) Y (-1 ) dim ( Ap) °a M ',H,M = (-1 )"*>', 

Per 6 

where 

a M ',H,M ■■= € W H \W G e(H,M)/W M e\P' w = P'}. 

Hiraga proved this proposition in the non-twisted case (see [Hir04] 1. and we will extend his arguments 
to prove the twisted case here. First we need to introduce some more notations. 

Let A G ’ 9 be the identity component of Tp-invariant elements in (7j|) 0 , and A H be the identity com¬ 
ponent of Fp-invariant elements in 7p. By the choice of G-conjugate of £, we can further assume 
£(A C A G ’ 9 and there is a 0-stable standard Levi subgroup M H of G such that L M H = Cent(A^, L G). 

For any 0-stable standard Levi subgroup M of G, we denote by R res {M ) the root system (not necessarily 
reduced) obtained by restriction from the root system R(M , To) to (7 G )°, and we denote the set of simple 
roots in R res (M ) by A res (M). Let R± es (M) be the set of positive (negative) roots. We write r res (M) for 
the number of Tp-orbits in A res (M). Note V 9 is in bijection with the Tp-stable subsets of A res (G). 

For any standard Levi subgroup M' of H, we denote by R(M') the root system R(M', 7p) and we 
denote the set of simple roots in R(M') by A(M'). Let i? ± (M') be the set of positive (negative) roots. 
We write r(M') for the number of T p-orbits in A(M'). Note V H is in bijection with the T p-stable subsets 
of A(H). It is easy to see R ± (H) C R^^G). 

If we multiply both sides of (|A.4I) by (— 1 y imAG ' e ^ then we will get 

(A.5) Y (-1 Y re3{M)a M',H,M = (-1 yres(M H )+r(M')' 

Per 9 

We will break the proof of this identity into four steps. 

Step 1 : We fix a 0-stable standard Levi subgroup M of G. Let 

D M e ={w£ W G e\w-\A res (M)) C R+ S (G)} 

and 

D H = {w£ W G e\w~ l {A(H)) C i?+ s (G)} 

We would like to show D H M e := Dfj e fl Du is a set of representatives of Wu\W G e/W M e- 
Lemma A. 2 . Du (resp. D M e) is a set of representatives ofWu\W G e (resp. W M e\W G e). 
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Proof. For any w £ W G e, let Bjj := H C I w(B G ). Then Bh is a Borel subgroup of H. So there exists a 
unique wh £ Wjj such that wh{Bh) = Bh- It follows Bh = wh{HP\w(B g )) = H n whw(Bc), and hence 
whu) € Dh ■ By the uniqueness of wh, we see Dh is a set of representatives of Wh\Wqs. 

The proof for W M e\W G e is similar. One just needs to notice W G e = W(G l ,(T^) Q ) and W M e = 
W(M 1 , (T g )°), where G 1 (resp. M 1 ) is the identity component of ^-invariant elements in G (resp. M ). □ 

For w € W G e, we define 

lMe M = #{« € R+ es {M)\wa £ R~ es {G)} 

and 

Ih{w) = tt{ a e R + (H)\wa € R~ es (G)}. 


Lemma A.3. For any w £ W G e, 

D H,M e n W H wW M e ^ 0. 

Proof. Since Dh is a set of representatives of Wn\W G e, we can choose wq £ WhwW m e such that 
wo £ Dh- Note u;^ 1 £ D M e if and only if l M e(wo) = 0. So we can make an induction on I m b{wq). 
Suppose lM e ( w o) > 0, then there exists a £ A res (M) such that woa € Rf es (G). We claim 

lM e { w O s a ) < ^M e ( w o) 


where s a is corresponding the simple reflection. To see this, note 

s a (Rre S (M) — Z+ct) = i?+ s (M) — Z+cq 


and wo a £ R~ es (G). So 

^M e ( w o s a ) = ${ot £ R+ es (M) — Z + a\wos a a' £ Rf es (G)} 
= j({c/ / € Kf es (M ) — Z+alrcoc/' £ i?^ s (G)}. 


Then 

l M e(w 0 ) = l M e(w 0 s a ) + |Z_|_o; O i?+ s (M)| > l M e(w 0 s a ). 

We still need to show £ Dh- For that let us consider (wos a )~ 1 (A(H)) = s a WQ 1 (A(H)). Since 

s a(R?es(G 0 — ^+ a ) = Rres(G) ~ %+a, 

we only need to show w^ 1 (A(H)) n Z + a = 0. This is guaranteed by the fact that wqo. £ R~ es (G). 


□ 


Now we have the following proposition. 

Proposition A.4. D HM e is a set of representatives of Wh\W g b/W M e. 

Proof. In view of Lemma [A.31 we just need to show WhwW m b contains a unique element in D H M e for 
any w £ W G e. Suppose Wo,w' 0 £ D HM e FI WhwW M e, then we can assume 

w' 0 = w H wow M e 

for wh £ Wh and w M e € W M e. First we want to show wh can be chosen to be trivial. Note wh = 1 if 
and only if = 0. Suppose > 0, then there exists a € A (H) such that wf J 1 (a) £ R~(H). 

Since wo,w' 0 £ Dh, we have (3 = Wg 1 wf 1 1 a € Rf es {G) and wJ^ g /3 = (u)q)^ 1 o £ R,f es (G). So /3 £ Rf es (M). 
Hence 

w'q = iv H vJoW M e = ( s a ■ s a )w H w 0 w M e = s a w H s w -i a w 0 w M e 
= ( s a w H )w 0 (s w -i w -i a w M e) = {s a w H )w 0 (spw M e). 

As in the proof of Lemma IA.31 one can show 

Ih(wh 1 So) < Ih{w~h 1 ). 
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So by induction on Ih(w h ), we can assume 

w ' 0 = w 0 w M e. 

Since wq,w ' 0 G D7} g , we must have w M e = 1 and hence w ' 0 = wq. 


□ 


Next we would like to describe 


Dh,m 6 n W G e(H, M), 


which is a set of representatives of WhXWqb (Ft, M)/W M e. Since L M = Cent((A^L)°, L G), w G W G e ( H , M ) 
is characterized by the condition that 

Cent 

is surjective. For w G Dh , the above condition is equivalent to requiring w(A £ D)° C A H . So let us define 

D\i e = i w e D M e\w 1 (^l|^) 0 C A**}. 

Then D HM e := D~^ g fl Dh is equal to D HM e fl W G e (Ft, M). 

For w G D h M e, it is easy to see M' w = w(M) fl H. So we would like to define M' w := w(M ) n H for all 
w G D h M e , and note M' w is only a standard Levi subgroup of H over F in this case. For any standard 
Levi subgroup M' of H over F, let us dehne 

D m , = {w G W G e\w~ 1 (A(M')) C R+ a (G)}. 

We also define 

d m\h,m 9 '■= { w e D H) m 9 \ m 'w = M '} 

and 

Dm',H,M 9 := e ^H,M e \M' W = M'}. 

It is clear that D M , H M e 7 ^ 0 only when M' is defined over F. 

Step 2 : We again fix a 0-stable standard Levi subgroup M of G, and we will take M' to be standard 
Levi subgroups of Ft over F (if not specified). Let 

£ M 9 = 22 


w, 


w£D 


M 6 


and 


For any £ = J2w£W G „ a wW, let us write 


£m> = w. 

u>eD M , 


[£)h = 22 a w w. 

wew a g 
w(A s )=A s 


Then we want to show 
(A.6) 


J H- 


[£h£m 9 \h = 22 a M',H,M 9 [£M'] 1 

P'&V H 

For any x G W G e satisfying x(A H ) = A H , the coefficient of it in [£h£m b ]h is given by number of pairs 
(dn, dfj 9 ) G Dh x D M e such that x = dnd M e, in other words, we need to count xD~^ e fl Dh- 
By Proposition IA.41 it is enough to count 

(A.7) ( xD ^e n D h ) n WhuiW M e 

for all w G D h ,m 9 • Let 

(A.8) w~ l x = w M e(x,w) ■ d M e(x,w) 
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for w M o(x,w) £ W M e and d M e(x,w ) £ D M e. Note this decomposition makes sense for all x £ W G e. 

Lemma A.5. Suppose x £ W G e satisfies x(A H ) = A H and w £ D HM e, then d M e(x,w) £ D M e if and 
only if w € D HM e- 

Proof. Since xd M e(x, w)~ 1 (A 9 ^) 0 = ww M e(x,w)(A e ^)° = w(A e ^S)°, the lemma is clear. □ 

Before we give the result for (IA.7I) . we would like to consider a slightly general situation. 

Proposition A.6. For x £ W G e and w £ D H M e, 

, n —i n n w if xd M e(x,w)~ 1 £ D H 

[xD e n D h ) n W H wW M e = < 

I W, otherwise. 

To prove this proposition, we need the following lemma. 

Lemma A.7. Suppose w £ D H M e, every element in WhwW m $ has a unique expression as 

w H ww M e 

for w M e £ W m b and wh £ Dfi}* n Wh, where M' = M' w . Moreover, 

l H (w-^ e w- l w- H l ) ^ l H {w- H l ). 

Proof. As in Lemma [A. 21 one can show Dfj, n Wh is a set of representatives of Wh/Wm'- Then 

w H ww M e = (df},w M ')ww M e = df^,w{w~ l w M 'W)w M e, 

for du 1 £ Dm 1 and wm> £ Wm'- Since Wh H wWj^ew^ 1 = Wm we have w~ 1 wm'W £ W M e. This proves 
the existence of the expression. To see the uniqueness, we can assume 

whww m o = w' H ww' M e 

both in the desired expressions. Then WH'ww M e(w' M g)~ 1 = w' H w. So we can rather assume 

whww M 8 = w' H w 

It follows ww M e = wfi ] w' H w £ Whw. So ww M ew~ l £ Wh- Hence 

wm' '■= ww M eu J _1 £ Wm'- 

Now we get whwm' = w' H . Since wh,w' h £ Df^, n Wh, we must have wm< = 1- Then wh = w' H and 
w M e = 1. 

Next we want to show 

for w M e £ W M e and wh £ DfJ, fl Wh- Note 

R + (H) = (R + (H)-wh(R + (M')))[_\w h (R + (M')). 

Then 

w h \R+(H)) = ( w~ h \R + {H)) - R+(M’))\jR+(M'). 

We claim a £ wf^{R + {H)) — R + {M') is positive if and only if wfj e w~ l a is positive. It is clear that for 
a £ R(H), a is positive if and only if w~^a is positive. So we only need to show w~ 1 a ^ R res (M ) for 
a £ wjj 1 (R + (H)) — R + {M'), or equivalently, a ^ w(R res (M)). To see this, we consider 

R + {H) n w H w(R res (M )) = R + {H) n w h {R(H ) n w(R res {M ))) = R + {H) n w h (R(M')). 

Since ivh £ Df^i n Wh, then wh(R ± (M 1 )) C R ± (H), and we have 

R + {H ) n w h {R{M')) = w h {R + (M')). 
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Therefore, 

R + (H) n w H w{R res {M )) = wh(R + (M>)). 

Multiply both sides by w^ 1 , 

wJj^R+iH)) n w{R res (M)) = R + {M'). 

From this identity, one can easily see a £ w{R. res {M)) for a E w~ h 1 (R + (H )) — R + (M'). This shows our 
claim. Consequently, we have 

l H { w Me w ~ lw H l ) = + jj {a € R+{M')\w^ e w~ x ci E R~ es (G)} > Ih^Jj 1 ). 

□ 

Corollary A.8. For w E D hm b, Dh fl WhwW m b C wW M e. 

Proof. For whww m s E Dh H WhwW m b , we can assume wh G Df^, fl Wh by Lemma [A.71 Then 

0 = Ih(w m \w^ 1 w h v ) ^ l H (wfj l ). 

So IhW>\ fj 1 ) = 0, and hence wh = 1. □ 

Now we will prove Proposition IA.61 For x E VF G e and 

y € (xDf^g D £>#) n Wh^Wj^s, 

we can assume y = ww M e for w M e E W M e by Corollary IA.81 There exists d M e E D M e such that 

xd M e = y = ww M e • 

So w _1 x = w M ed M e. Compared with (|A.8(l . we get d M e = d M e(x,w) and w M e = w m b(x,w). Then 
y = xd M e (x, w)~ 1 E Dh- On the other hand, suppose xd M e(x, w) -1 E Dh, it is clear that xd M e {x,w)~ l E 
xD~j 6 Fl Dh- Moreover, xd M e(x,w)~ 1 = ww M e(x,w) E WhwW M o. So 

.Td M e(x,u;) _1 E (xD^ g C D H ) O W H wW M e. 

This finishes the proof. 

Since there is a decomposition 

RH,M 6 = |_| DM',H,M e ’ 

P' 

where the sum is over all standard parabolic subgroup P' of H over F. we would like to refine Proposi¬ 
tion [A6] by restricting to D M i Hy M e - 

Proposition A.9. For x E W G e and w E D M , HM e, {xDfJ e H Dh) 0 WhwW m b ^ 0 if and only if 
x E Dm 1 - 

Proof. By Proposition IA.61 it is enough to show xd M s(x,w)~ 1 E Dh if and only if x E Dm 1 - Since 

R + (H) C w(R res (M )) = R+(M') 
and xd M B(x,w)~ l = ww M e(x,w), we have 

d M B(x,w)x~ 1 (R + (M')) = d M s(x,w)x~ 1 (R + (H)) n w m b(x, w)~ 1 w~ 1 w(R res (M)) 

= d M e(x, w)x~ 1 (R + (H)) nR res (M). 

If xd M s(x,w ) _1 E Dh , then d M e(x, w)x~ 1 (R + (Ff)) C Rf es (G). So 

d M e(x,w)x~ 1 (R + (M')) C R^ es (M). 

Then 

x~\R+(M')) C d M e(x,w)-\R+ es (M)) C R+ S (G). 

M>- 


This means x E D 
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Conversely, suppose x £ Dm 1 then x~ 1 (R + (M')) C Rf es (G). We can rewrite it as 

w )~ 1 (dM e ( x , w)x~ 1 )(R + (M')) C R+ es (G). 

Since d M e(x,w)x~ 1 (R + (M')) = w M e(x,w)~ 1 w~ 1 (R + (M')) C R res (M), we must have 

d M e(x,w)x-\R + (M’)) C Rt es (M). 


So it is enough to consider 

d M e(x,w)x- 1 (R + {H) -R + (M')) =w M e(x,w)- 1 w~ 1 (R + (H) -R + (M')) 

= w M e(x, w)- 1 (ur 1 (R + (H)) — u> _1 (R + (M 7 ))) 

= w M e(x,w)~ 1 (ur 1 (R + (H)) - iu _ 1 (i? + (^) nw(fi res (M)))) 

= u; M s(.T,u;) _ 1 (u; _ 1 (i? + (f/')) - u; _ 1 (i? + (#)) n R res (M)) 

= w M e(x,w)~ 1 (w~ 1 (R + (H)) - Rres(M)). 

Since a € w~ 1 (R + (H)) — R res (M ) is positive and not in R res (M), then w M e(x,w)^ 1 a is also positive. 

Therefore, 

d M e(x,w)x-\R + (H) - R + (M')) C i?+ s (G). 

This implies xd M e(x,w)^ 1 £ Df/. 


□ 


Next, we will modify Proposition IA.61 and Proposition IA.9I to count (1 A. 7j ) . 

Proposition A.10. For x £ W G e satisfying x(A H ) = A H and w £ D H M e, 

{ {xd M e(x,w)~ 1 }, ifwG D h M e and xd M e(x,w)~ l £ Dh 
0 ’ 


( xD M e n n WhwW M 6 = 


otherwise. 


Proof. By Proposition IA.61 

{ xD f]e n Dh) n WhwW M 6 = 


{ {xd M e(x,w) - 1 }, if xd M e(x, w) 1 € Dh 
0, otherwise. 

So ( xD nPff)n WhwW m e ^ 0 if and only if xd M e(x, w) _1 £ Dh and d M e(x , w) € D M e. By Lemma lA.51 
this is equivalent to requiring xd M e(x,w)^ 1 £ Dh and w £ D H M e. 


□ 


As a consequence, we can restrict ourselves to the set D H M ° when counting ([A.71) . Since 
(A-9) D HM e = |_J D M , HM e, 

P'£V h 

we can further restrict to each D M , H M e. 

Proposition A.11. For x £ W G e satisfying x(A H ) = A H and w £ D M , H m 9 > 

{xD^ e n Dh) n WhwW m b / 0 

if and only if x £ Dm 1 ■ 

Proof. By definition, D M , H M e C D M , H M g. In view of Proposition IA.91 it suffices to show for x £ Dm 1 , 

(xD^ g n D h ) n W H wW M e ^ 0. 

Since in this case 

{xDfjg n D h ) n WnwW M e ^ 0, 

we have xdM 9 (x, w)^ 1 £ Dh by Proposition IA.61 Then the result follows from Proposition [ATO] immedi¬ 
ately. □ 
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Corollary A. 12. 


[£h£m s ]h = E 

P'eV H 

Proof. Since a M r H M e = | D M , H M e\, this identity is an easy consequence of (1A.9I) and Proposition IA. Ill 

□ 

Step 3: In this step, we would like to establish the following two identities: 


(A.10) E (-l) rres(M) £ M @ = (-1 y r ^ MH ) w G w M H 

P & -pe 

(A.11) E (_i) r ( M = [£ H w G w™ }h 

P'£V h 

Here w G (resp. wff H ) is the longest element in Wq (resp. W m h). It is an easy exercise to show 
W G £ W G e (resp. w^f H G W^ M H^e). Moreover, we have w G (A G ’ e ) = A G ’ 6 (resp. w^ H (A G ' d ) = A G ' 9 ), i.e., 
w G , wK € Wjf. 

First let us consider (1 A. 101) . Recall the left hand side of (1A.10I) is equal to 

LHS. (TOffi) = J2 (-l) rres(M) E w > 

Pep6 w£P> mD 

and we make the following observation. 

Lemma A. 13. If w G D M e, then w G IF^f. 

Proof. For w G D M e, we have w~ l (A res (M)) C Rf es (G) and w~ 1 (Aij)° C A p by the definition. We take 
any u G Tf. Since A H C A G ’ 6 , it is easy to see a(w) G W M ew. On the other hand, 
a(w)-\A res (M)) = a(w~\A res (M))) C a(R+ es (G)) = R+ es (G). 

So a(w) G D M e. By Lemma [A. 21 a(w) = w. Hence w G VF^f. 

□ 

As a consequence, we can restrict the summation on the left hand side of (1 A. 10[) to . Moreover, 

p 

for w G W Q g , the condition that w G D M e is equivalent to 

R+ S (M^) C w-\R+ s (M)) C R+ S (G). 

So 


LHS.^AM 


E(-o T res (M) 
P£V e 


E 


w 


E 

w&W T J 


E (-1 yres(M)^ w 

Pev 9 ^ 

w(R+ es (M H ))CR+ e 3 (M)Cw(R+ es (d)) 


For w G , we define 

I w = {a G A res {G)\np a ^ 0 for some /3 G A res (M H )}, 
where wf5 = ^) agA ^ np a a. Then we have the following lemma. 


















54 


BIN XU 


Lemma A. 14. For w G W, 


G e , 


I w = w{A res {M H )) 


if and only if 

w(R+ es (MH)) c 1?+ S (M) C u,(i2+ M (G)) 

for some P G V e . 


Proof. If there exists P G V 6 such that 

w(R+ es (MH)) C 1?+ S (M) C 

then I w C A res (M) C u;(l?+ s (G)). So C /?,+ s (G). We claim w(A res (M H )) C A res (G). Suppose 

/? € A res (M H ), since rc/3 € Rf es (M), we can assume rc/1 = Ylaei w n /3oi a where np a ^ 0. Hence 

P = w~ l {wP) = ^2 n /3« {w~ l a). 

Ol€:I w 

Since w~ 1 a G Rf es (G) for a G I VJ , this can only happen when np a = 0 except for one simple root, i.e., 
w/3 G A res(G). This shows our claim. As a consequence, I w = w(A res (M H )). 

Conversely, if I w = w(A res (M H )), we can let Mj w be the standard Levi subgroup of G associated with 
the subset of simple roots I w . Then we have 

w(R+ s (M«)) C R+ s (M Iw ) C w(R+ s (G)). 


□ 

In view of this lemma, we can assume I w = w(A res (M H )). Let M(w ) be the standard Levi subgroup 
of G associated with the subset of a G A res (G) such that w~ x a G Rf es (G). It is clear that M(w ) A Mi w 
under our assumption. Then 


LHs. axm = 


E ( E (-i r™ <M| )u.= 




I w =w{A res {MH)) 

Note r res (M Iw ) = r res {M H ), so 


P£V° 

Mi w GMC.M(w) 


E 


("l) r 


s(M Iw ) 


W 


I w =w(A res (MH)),M Iw =M(w) 


LHS. SK roll = ^ w 

WCW^F 

I w =w(A r£S {MH)),M Iw =M(w) 

Then (I A. 101) follows from the following lemma. 

Lemma A.15. Suppose w G satisfies I w = w(A res (M H )) and = M{w), then w = 
Proof. Since ( w < f_) 2 = {w^f H ) 2 = 1, it is equivalent to show w^f H w~ 1 = i.e., 

w™ H w-\A res (G)) C 1?- S (G). 

Since u;” 1 (I u ,) = A res (M H ), w^f H in' 1 (/ w ) C R~ es (G). Since Mi w = M(w), 

w 1 {A res {G) — I w ) C R res (G). 

By = A res (M H ) again, we have u; _1 (A res (G) — I w ) n R res (M H ) = 0. Hence 

w^ H w~ x (A res (G) - I w ) C i^ es (G). 


This finishes the proof. 


□ 
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Next let us consider (lA.llll . Recall the left hand side of (lA.llll is equal to 

LHS. dATTTh = E (-1 ) r(M ' } E w 

P'eV H w&d m , _ 

w(A H )=A H 

For w E W G o satisfying w(A H ) = A H , we have for any a E Tp and a E R(H), u; _1 (a) and w~ 1 (aH(ot)) 
are both positive or negative, where an is the Galois action in L H. This is because 


w ( a )\ A h=w {a\ AS )=w (a H (a)\ A s) = w (cr H (a))\ A H + 0. 

So the subset of a E A (H) satisfying w~ 1 a E R+ es {G) determines a standard Levi subgroup M'[w ) of H. 
Then 


LHs.fEm= E ( E (-i) r(M V = E 

w£W g o P'GP H weW G g 

w(A S )= A H M'CM'(ui) w ( A h )=a h 

w~ 1 (A(H))CR~ e3 (G) 

On the other hand, the right hand side of (lA.llll is equal to 


w 


RHS A DOrD = [ZhW-]h ■ W- H 

One can check easily that Dhw ® consists of w E W G e such that w~ 1 (A(H)) C R~ es {G). So 


fiF.S'. ETTl = ( E) w)w™ H E 

wgw g s wew G g 

w(A^)=A s ^ w(A^)=A s 

to-RA (H))CR^ es (G) w- x (A (H))CR^ es (G) 

The last equality is due to the fact that for w E W G g satisfying w(A H ) = A H , 

w-\A(H))CR- es (G) 

if and only if 

(ww MH )-\A(H))CR; es (G). 

One can show this by restricting the roots to A H . Then the proof is completed by comparing the last 
expressions of RHS. (lA.llll and LHS. (lA.llll . 

Step 4: We will establish (IA.5I1 by using the identities (IA.10I) and (lA.llll . First, we multiply (IA.10I1 
by Ch, and compare it with (lA.llll . 

PGP e P'GP h 

Then we can use (IA.6I1 to expand the left hand side, 

LHS. = E (—1 y re *( M ) 0. M t H M e[^M']H = E ( E (—1 Y res ^ M ^ a M',H,M B ) [£ M']h 
pgp 6 p'gp h p'&v h Per 6 

By the linear independence of [ £,m']h , we get 

E (-1 Y res{M) a M ',H,M e = (-1 ) r res( MH )+ r ( M ') 

PGP 6 

for any P' E V H . 
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BIN XU 


A.l. Generalized Aubert involution. We would like to generalize the diagram (IA.1D to (16.51) . (16.91) 
and (16.111) . Note we will only show the commutativity of (16.51) and (16.91) when restricting to distributions 
associated with elementary parameters. In fact, they are not commutative in general. Let G be a quasisplit 
symplectic or special orthogonal group. We fix a positive integer X® and write xo = (Xo — l)/2. We 
also fix a self-dual irreducible unitary supercuspidal representation p of GL(d p ). Let Vd p be the set of 
standard parabolic subgroups P of G whose Levi component M is isomorphic to 


GL(aidp) 

Then we can define for n E Rep(G), 

invcxoi 7r) 


x • • • x GL(aidp) x G(n — aid p ). 

:= E ( — 1) dimAu Indp(Jacp(7r) <2 ; 0 ). 
P£Pd p 


It is clear that 
So (16.51) is equivalent to 


Kl 0 ( tt)] =inv <x 0 ([tt]). 


57(G) 

inv <X() 

57(G) 


4 I(N e ) 
inv 


To prove this, we can follow the argument for (IA.1I) . For P E V d , we specialize the diagram (IA.2I) in 
our case: 


(A.12) 


57(G) 


,,(Jac p / ) <XQ 


® W SI{M' W 


I(N e ) 


(JaCp)<a;Q 


4/(M 0 ), 


where the sum is restricted to those w satisfying P' v E Vd p ■ Unlike (IA.2I) . the above diagram may not 
commute in certain cases when we apply it to distributions not associated with elementary parameters. 
This is the reason that we want to restrict (16.5 j) (similarly (I6.9|) ) to distributions associated with elementary 
parameters. By (I A. 1211 . it suffices to show for any P' E Vd p , 

(A.13) E (-l) dim( ^ ) fla M ',G,M = (- l) dimA r'. 

p^ 6 dp 

By Proposition lA.il we have 

E (-1 ) dim ( Ap)e a M ',G,M = (-l) dimA p‘. 

pg-pSjV 

Therefore (I A. 131) follows from the simple fact that clm',G,M = 0 when P ^ . 

The case of (16.91) is similar. For (16.111) . let V e d ° be the set of #o-stable standard parabolic subgroups in 
Vd p - Then we can define for 7r s ° E Rep(G s °), 


inv G ° Xo {^°) ■.= E (-l)* m(AM)eo IndpSo(JaCpE 0 (7r So ) <;co ). 


For P E V 6 d ° p and G(n — l] a *^p) ^ 50(2), it is clear that ( AM)e 0 = Am and Jacps 0 = JacpE 0 . If 
G{ n ~ i\ a id P ) = 50(2), then dim (Am)q 0 = dim(Ajvi) — 1, but the effect of JacpE 0 in taking the 
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twisted character also differs from Jac P B 0 by a negative sign. So we have 

f G {inv e ^ Xo ( 7T S °)) = / G (mn<x 0 (7r So )), / € C c °°(G x 0 O )- 

As a result, (16.111) is equivalent to 

SI(H) - tI(G e °) 


<x 0 


#0 

v <x 0 


SI(H )-> ?{G e °). 


The rest of the argument is similar to (|6.5p . 
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